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Abstract. Let '3^ be the double cover of the quintic symmetric determinantal 
hypersurface in P^*. We consider Calabi-Yau threefolds Y defined as smooth 
linear sections of ?y . In our previous works, we have shown that these Calabi- 
Yau threefolds Y are naturally paired with Reye congruence Calabi-Yau three- 
folds X by the projective duality of "3^ , and X and Y have several interesting 
properties from the view point of mirror symmetry and projective geometry. 
In this paper, we prove the derived equivalence between a linear section Y of 
3^ and the corresponding Reye congruence Calabi-Yau threefold X. 
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1. Introduction 

Non-birational smooth Calabi-Yau threefolds which have an equivalent derived 
category are of considerable interest from the view point of the homological mir- 
ror symmetry due to Kontsevich |Koj . As such an example, it has been proved 
in |BC| that smooth Calabi-Yau threefolds X and Y which are given respective 
smooth linear sections of G(2,7) and Pfaff(7) (see [Ro]) are derived equivalent: 
2?*(X) ~ T>^{Y). To our best knowledge, this pair is the first example of derived 
equivalent, but non-birational smooth Calabi-Yau threefolds with Picard number 
one. In [Ku2| . the derived equivalence has been understood as a corollary of a more 
general statement that a non-commutative resolution of Pfaff (7) is homologically 
projective dual to G(2, 7). The homological projective duality is a general frame- 
work which has been proposed in }Kul| to generalize the classical projective duality 
in the theory of derived category. In the case of G(2, 7) and PfafF(7), the classical 
projective geometries involved are that of the projective space of skew symmetric 
matrices P(a^C'') and its dual projective space P(a^(C*)''). 

In the previous work |HoTalj . by studying mirror symmetry of the Calabi-Yau 
threefold X of a Reye congruence, we encountered a similar phenomenon as above 
within the projective space of symmetric matrices P(S^C^) and its dual projective 
space P(S^(C*)^). We have observed that X should be paired with another smooth 
Calabi-Yau threefold Y , which is given as a linear section of the double quintic 
symmetroid orthogonal to X in the projective duality. We are also led to the 
prediction [ibid. Conj.2] of their derived equivalence. The main result of this paper 
is to show this prediction is affirmative. 

Let y = and define AT as a smooth linear section of the second symmetric 
product of = S^P(y) in P(S-^T^). Then Y is given by the orthogonal linear 
section of the double symmetroid ^ , which is the double cover of the determinantal 
symmetroid in P(S^y*). ^ has a natural resolution ^ given by the Hilbert 
scheme of two points. As for '3^ , a nice desingularization '3^ has been obtained in 
our recent paper [IIoTa3| . Furthermore, it has been found that a finite collection of 
sheaves (J-i)ig/ on ^ introduces a dual Lefschetz collection in the derived categories 
'D^{^) [ibid. Thm.3.4.4], and correspondingly a collection of sheaves {£i)i^i on 3^ 
defines a Lefschetz collection in ^^{W) [ibid. Thm.8.1.1]. In this paper, we focus on 
a certain closed subschcmc A in x ^ and construct a locally free resolution of 
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its ideal sheaf X in terms of these sheaves (Theorem 16.1. ip . Considering a Fourier- 
Mukai functor with its kernel / being the restriction of the sheaf I to F x X in 
W X £ , we prove the derived equivalence V^(X) ~ V^{Y) fTheorem 19.0.2^ . 

We introduce the subschemc A from the flag variety Ag := F(2, 3, V) in G(3, V) x 
G(2, 1^). As we summarize in Subsection 12.21 there is a morphism from the Hilbert 
scheme X of two points on P(y) to the Grassmannian G(2, V). In contrast to this, 
the geometry of the double quintic symmetroid '3^ is more involved. It contains, 
however, interesting geometry of quadrics in P(l^), more precisely, it turns out that 
^ describes the connected families of planes contained in singular quadrics, which 
are represented by conies on G(3, for rank 4 quadrics fSubsection l2.3l and Section 
SI). In particular, we see that there is a generically conic bundle .2° — > where 
parameterizes pairs of singular quadrics and planes therein, and hence there 
exists a natural morphism iF — > G(3,T^). Roughly speaking, the subschemc A is 
constructed by puUing back Aq by the morphism x ji^ — G(3,F) x G(2,F), 
pushing forward by the morphism .2° x ^ ^ x ^ and taking the transform by 
the birational morphism '3^ x ^ — > x The observation that the families of 
planes in rank 4 quadrics are represented by conies on G(3, V) implies that is 
birational to the Hilbert scheme of conies on G(3, V) studied by |IMj . This opens 
the way to describe the birational geometry of '3/ (see (|4.ip ). 

The choice of the subschemc A comes from our observation on the so-called BPS 
numbers of Y listed in [HoTall Table 3] . Let be the restriction of the ideal sheaf / 
to F X {x}. We will show that defines a curve Cx on Y of arithmetic genus 3 and 
degree 5 parameterized by X, and Cx is smooth if X and x are general (Propositions 
13.1.21 and l8. 2. ip . Our observation/discovery about this family of curves is that this 
can be identified in the table of BPS numbers (d) at genus 3 and degree 5 as 

n|'(5) = 100 = {-l f"''^e{X) x 2, 

where e{X) = —50 is the Euler number oi X. We note that the signed Euler number 
(— l)'^™^e(X) is in accord with the counting rule of the BPS numbers for a family 
of curves [GV| . The factor 2 indicates that there should be another family of curves 
parameterized by X. Interestingly, we find that there is a "shadow" curve of the 
same genus and degree for each Cx (Fig.l in Subsection 13. 1|) . which explains this 
factor. The BPS numbers are integral numbers which we calculate by using mirror 
symmetry, and its mathematical ground is still missing in general. We believe, how- 
ever, that our observation above may be justified by the Donaldson- Thomas (DT) 
invariants or the Pandharipande-Thomas (PT) invariants associated with a suitable 
moduli problem of ideal sheaves or stable pairs (see |PT| and reference therein) . It 
is expected that the Calabi-Yau threefold X arises as a suitable moduli space of 
the ideal sheaf of curves on Y and the derived equivalence between the two is a 
consequence of this. 

Here we should remark some similarity of our construction to that of the Grassmann- 
Pfaffian case. The proof of derived equivalence due to }BCj (and also |Ku2| ) is based 
on a certain incidence relation on G(2, 7) x PfafF(7) which gives rise the kernel of 
a Fourier-Mukai functor. Our proof starting with Aq is basically parallel to this, 
although the formulation of our incidence relation A and the corresponding ideal 
sheaf are much more involved and requires the desingularization 'W ^ W }HoTa3| 
which follows from detailed investigations of the birational geometry of In the 
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Grassmann-Pfaffian case, the restriction ly to {y} x X oi the ideal sheaf / defines 
a generically smooth family of curves of genus 6 and degree 14 on X. Thus, in 
both cases, wc observe that suitable families of curves play important roles for the 
proofs of the derived equivalence. This seems to indicate some relation in general 
between the derived equivalence and the suitable moduli problem such as DT/PT 
invariants, as addressed above. In the Grassmann-Pfaffian case, however, we read 
the corresponding BPS as n^(14) = 123,676 (see jHoTali (4.2)]) and there might 
be some complications in the possible moduli interpretation in terms of DT/PT 
invariants. 

Here we outline the present paper. In Section 2, we summarize some basic results 
on which our arguments rely. In Section [31 wc construct a family of curves on Y 
parameterized by X (Proposition l3. 1 .2]) and show that it comes with another family 
of "shadow" curves. Also we calculate the Brauer group of F as a corollary. In 
Section 4, based on the results |IIoTa3[ . we summarize the birational geometry of 

and introduce the desingularization '3^. In Section 5, we study the birational 
geometry of the universal family of conies on G{3,V). In Section 6, we introduce 
the subscheme A representing the incidence relation on J?^ x and its ideal sheaf 
I. Dividing the process into four major steps, we obtain a locally free resolution 
of I in terms of the collections of locally free sheaves {£i)i£i and (J^)ie/ (Theorem 
I6.1.ip . In section 7, we show that the subscheme A is contained in (the puUback 
of) the universal family of hyperplane sections V. In Section 8, restricting the ideal 
sheaf toYxX, we show that this defines a family of curve on Y which is flat over X, 
and coincides with the family obtained in Section 3 (Proposition 18 . 2TT|) . In Section 
9, using [HoTaSl Thm.8.1.1], which claim the vanishing of Ext groups among the 
collections {£i)i£i and (J^i)ig/, we show the derived equivalence V^lX) ~ 2?''(y). 
Section 10 is devoted to discussions of related subjects. 
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Glossary of notation. 

We often abuse Cartier divisors and invertible slieaves. 

F{W) : the projectivization of a vector space W. 

C'x(l) := Op(^\Y){l)\x if a variety X is naturally embedded in P(Vl^). 

F{£) : the projectivization of a locally free sheaf £ on a variety X. 

Hy(s) ■ the tautological divisor of P(£^). 

C'p(£)(l) '■ the tautological invertible sheaf of F{£). 

G(r,£) : the Grassmann bundle which parameterizes r — 1-dimensional linear 
subspaces in fibers of F{£). 

V: a (fixed) 5 dimensional complex vector space. P"* := P{V). 

Vf. an i-dimensional vector subspace of V. 

F(a, b, V) ~ {{Va, Vb) I VaCVbC V} (the flag variety). 



We also use the following notation which simplifies lengthy formulas: 

nil) :=r!p(y)(i). 

f7(l)^' := A*(r!p(y)(l)) for I > 2. 

r(-i) :=rp(v)(-i). 

T(-l)^' a'{T{-1)) for i > 2. 
0{i) := Op(v)(i) for i e Z. 



2. Preliminaries 

Here we summarize the basic results on which our proof of the derived equiva- 
lence V^{X) ~ V''(Y) rely. We also summarize the construction of the Calabi-Yau 
threefolds X and Y which has been described in |HoTal| IHoTaSj . 

2.1. Basic general results. 

For the computations of cohomology groups which appear in this paper, we 
use the Bott theorem about the cohomology groups of Grassmann bundles below 
extensively 

For a locally free sheaf £ of rank r on a variety and a nonincreasing sequence 
/? = (/3i, /32, ■ • • , /?»•) of integers, we denote by Z'^f the associated locally free sheaf 
with the Schur functor . 

Theorem 2.1.1 (Bott theorem). Let tt: G{r,A) X he a Grassmann bundle 
for a locally free sheaf A on a variety X of rank n and 0— >iS*— S-.A— >Q— > 
the universal exact sequence. For j3 := (ai, . . . ^ ar) G Z'' (ai > •■• > a,) 
and 7 := (a^+i, • • • , ««) G Z"^'' (a^+i > ••■ > ctn), we set a := (/3,7) and 
V{a) := H^S (E) Y.'^Q* . Finally, let p := (?i, . . . , 1), and, for an element a of the 
n-th symmetric group ©„, we set a*{a) := a{a + p) — p. 

(1) If (J {a + p) contains two equal integers, then R^n^V^a) ~ for any i >0. 

(2) // there exists an element a £ ©„ such that aia + p) is strictly decreasing, 
then WTT^V{a) = for any i > except i?'('^)7r*V(a) = where l{a) 
represents the length of a E ©„ . 
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Proof. See [E], P, or [Wl (4.19) Corollary]. □ 

Theorem 2.1.2 (Grothendieck-Verdier duality). Let f : X ^ Y be a proper 
morphism of smooth varieties X and Y. Set n := dimX — dimy. We have the 
following functorial isomorphism: 
For T' e V^{X) and £' e V^{Y), 

Rf^RHom{T\Lf*£' ®ujx/Y[n]) ^ R'HomiRf^J'' ,£). 

In particular, if £' and J-' are locally free (and then we write them simply £ and J-) 
and if R* f^F = 0, then 

®£® lox/y) - £xt'{f,F, £). 

Proof. See [HH^ Theorem 3.34]. □ 

Throughout this paper, we only need one result from the theory of derived cat- 
egory as follows: 

Theorem 2.1.3. Let X and Y he smooth projective varieties and ^ a coherent 
sheaf on X X Y fiat over X. Then the Fourier-Mukai transform $-p : 2?''(X) 
D^{Y) [V is called the kernel for $-p) is fully faithful if and only if the following 
two conditions are satisfied: 

(i) For any point x 6 X, it holds Yio'a\{'Px,'Px) — C, and 

(ii) if xi 7^ X2, then l^xt^{Vx 1,^x2) — for any i. 

Moreover, under these conditions, $-p is an equivalence of triangulated categories 
if and only if dim X — dim Y and V ® \)v\ujx —V® pr2a;y . 

In particular, if dim X = dimK, lox — Ox and LOy — Oy , then $-p is fully 
faithful if and only if it is an equivalence. 

Proof. See |B0| Theorem 1.1], [HI Theorem 1.1], |Huy[ Corollary 7.5 and Proposi- 
tion 7.6]. □ 

In this paper, we adopt the following definition of Calabi-Yau variety and also 
Calabi-Yau manifold. 

Definition 2.1.4. We say a normal projective variety X a Calabi-Yau variety if 
X has only Gorenstein canonical singularities, the canonical bundle of X is trivial, 
and h^{Ox) = for < i < dimX. If X is smooth, then X is called a Calabi- 
Yau manifold. A smooth Calabi-Yau threefold is abbreviated as a Calabi-Yau 
threefold. f] 



2.2. The Hilbert scheme £' of two points on P{V). 

Let ^ be the Chow variety of two points on ¥{V) embedded by the Chow form 
into P(S^F). Denote by JTq the second Veronese variety V2{P{V)). It is a well- 
known fact that = Sing ^ and ^ is the secant variety of ^0 ■ If we take 
a coordinate of S^V so that it represents a generic 5x5 symmetric matrix, then 
^0 (resp. ^) is characterized as the locus of rank 1 (resp. rank < 2) symmetric 
matrices. 

Let ^ be the Hilbert scheme of 0-dimensional subschemes of length two in 
P(y), which will be called the Hilbert scheme of two points in F{V) hereafter. A 
0-dimensional subscheme of length two may be determined from the corresponding 
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0-cycle rj of length two on ¥{V) and a line I C P(V^) containing rj, and vice versa. 
Hence, we have an isomorphism ~ P(S^iF*), where 3^ is the dual of the universal 
subbundlc of rank two on G{2,V). Let 

(2.1) ^1/®C>G(2,y) ^S^O 

be the universal exact sequence on G{2,V). By the induced injection S^J* ^ 
S^V (g) Og(2,v), we obtain a morphism £ F{S^V) x G(2,F) P(S2F). Then 
the tautological divisor of P(S^?'*) is the pull-back of C'p(s2v') (1). The image of this 
morphism is nothing but and the induced morphism / : ^ — > ^ coincides with 
the Hilbert-Chow morphism. Moreover, / is the blow-up along J^Tq. 




X G(2,y). 
We define the following divisors on £: 

H,g- = rOx{l) and L^^ = ,9*Og(2,v')(1). 
We also denote hy Ef the /-exceptional divisor. 



2.3. The double quintic symmetroid '3^ . 

Hereafter we assume 1/ ~ and write by V* the dual vector space of V. Let 
Jif C P(S^V*) be the locus of singular quadrics in P(T^), which will be called the 
(generic) quintic symmetroid since it is the hypersurface defined by the determinant 
of the (generic) 5x5 symmetric matrix. It is the locus of 5 x 5 symmetric matrices 
of rank < 4. 

Let {(t, [Q]) \ t e SingQ} C FiV) x ¥{S'^V*). Then the natural morphism 

p: ^ 3^ is a desingularization of Ji^ (see |HoTa3[ Subsect.4.1]). 

To construct the double cover '3^ of branched along the locus of symmetric 
matrices of rank < 3, we introduce the variety ^ which parameterizes the pair of 
quadrics Q in P(l/) and planes P(H) such that P(H) C Q. To describe ^ more 
explicitly, consider the universal exact sequence on G(3,l^); 

(2.2) ^ It* ^ F ® ©GO^y) -> W 0. 

The surjection S^F* ® Og(3,v) ~^ S^U follows from the dual sequence. Then we 
define a locally free sheaf Z* on G(3, by 

(2.3) ^ f * ^ SV* 0G(3,v) ^ S^IX ^ 0. 

Then, since the fiber of S^U over a point [H] G G(3, may be identified with the 
quadrics on P(H), the fiber of the kernel Z* represents the quadrics which contain 
the plane P(H). Namely we have 

= P(£:*) C G(3, V) X P(SV*). 

Note that the image of the naturally induced morphism 5" — s> P(S^V^*) coincides 
with the singular quadrics J^, since a smooth quadric does not contain a plane. 

Let ^ ^ ^ M' be the Stein factorization of the natural morphism — > 
^ . Then Pg^: 3^ is the finite double covering branched along the locus of 

quadrics of rank less than or equal to three. is called the (generic) double quintic 
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symmetroid. We say that y is a rank i point if fby (y) G Jff corresponds to a 
quadric of rank i. Gaj := Sing^^ is the subset consisting of rank 1 and 2 points 
( |HoTa31 Prop. 6. 9. 2]). We introduce divisors on W and iF, respectively, by 

May = fSyO,^i\) and Ms' = n^- o 

where 0.^{l) := C'p(s2v.)(l)|,_^. 

Consider the fiber of the morphism S' — > over a quadric [Q] 6 M'. If 
rankQ = 4, then Q is a cone over the smooth quadric (~ x P^) in f{V/Vi) 
with the vertex [Vi], and the planes in Q consist of two different P^-families which 
correspond to the two rulings of P^ x P^. If rankQ = 3, then Q is a cone over the 
smooth quadric in f'{V/V2) with the vertex P(V2) — P^, and in this case there is 
only one P^-family of planes in Q. Thus the morphism vr^- : 2f '3^ of the Stein 
factorization is a generically conic bundle; generic points of 3^ are represented by 
pairs (Q, q) of quadrics Q of rank 4 (or 3) and connected families q of planes in 
Q, where q represent conies in G(3, ( jHoTa3| Prop. 4. 2. 5]). It turns out that 
several birational models of — > play crucial roles to construct the kernel of a 
Fourier- Mukai functor giving an equivalence of T>^(X) and V^iY). 

Based on this observation, the birational geometry of '3^ has been studied in 
terms of the Hilbert scheme S% of conies on G(3, V) [ibid. Sect. 5 and Sect. 6]. 

The following computations of the Chern classes of the locally free sheaf £ on 
3f will be used in the next section. 

Lemma 2.3.1. ci{£) = ci(Og(3,v)(4)) and C2{£) = 5c2(W) + 6ci(OG(3,y)(l))'- 

Proof. This follows from standard computations of Chern classes by using the exact 
sequences (|2.2p and (|2.3p . Note that ci{OQ(^^y){^)) is given by the Schubert cycle 
(Ti, which is ciCU) in our notation. Since rkU = 3, the first relation follows from 
ci{£) = ci(S^lX) = 401(11). For the second relation, we derive 02(5^11) = SciCU)^ + 
5c2(ll) and use C2(W) = ci{UY - C2(U), c^iE) = ci{S'^U)^ - C2{S^U). □ 

2.4. Calabi-Yau threefolds X and Y. 

Let us identify P(S^F*) with the space of quadrics in P(y). Then a 4-plane 
P C P{S'^V*) may be regarded as a 4-dimensional linear system of quadrics P = 
Qi: '32 7 • ■ • yQbl with the quadrics Qi defined by the corresponding 5x5 symmetric 
matrices Ai. Let P^ be the orthogonal space of P with respect to the dual pairing 
between S'^V and S'^V* , and define X = ^ n P-^. Dually, we may construct also 
y in as the pull-back of the quintic symmetroid O P. The linear system P is 
called regular if i) it is base point free and ii) any line / C Sing Q for some Q E P 
is not contained in a linear subsystem of dimension > 2. X is smooth if and only 
if P is regular [HoTali Prop. 2.1]. It has been shown that Y is also smooth for P is 
regular [ibid. Prop. 3. 11]. We say that X and Y defined for such a choice of P are 
orthogonal to each other. 

Proposition 2.4.1. X and Y constructed as above are Calabi-Yau threefolds with 
the following invariants: 

1) deg(X) = 35, C2.D^50, h^'\X) ^ 26, h^^^X) 1, 

where D is the restriction to X of a hyperplane section of 9^ , deg(X) := and 
C2 is the second Chern class of X . 

2) deg(r) 10, C2.M = 40, h^'^{Y) = 26, h^^\Y) ^ 1, 
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where M is the restriction of to Y , deg{Y) := M^, and C2 is the second Chern 
class of Y. 

Proof. The invariants of X are easy to be determined, see |HoTal[ Prop. 2.1]. The 
invariants of Y arc determined in [HoTaSl Prop. 4. 3. 4] (see also |HoTal[ Prop. 3. 11 
and 3.12]). □ 

Hereafter we consider the Calabi-Yau threcfolds X and Y which arc orthogonal 
to each other. 

Since X is smooth, X is disjoint from Sing ^ , and hence we can consider X to 
be contained in Moreover, X is mapped hy g: ^ ^ G{2,V) onto its image 
isomorphically, and hence we can also consider X to be contained in G{2,V). By 
the existence of this embedding into G(2,V), X is called a (generalized) Reye 
congruence. As a subvariety of G(2,y), X is characterized as the subset of lines 
I in V(V) such that quadrics which contain I form a 2-dimensional linear system 
(net) in P (; |HoTa31 Prop.3.5.2]). 

Y will be called the {"i- dimensional) double quintic symmetroid orthogonal to X . 
Since Y is smooth, Y is disjoint from Sing ^ = Gg^ . 



3. A FAMILY OF CURVES ON Y PARAMETERIZED BY X 

In this section, using the generically conic bundle vr^? : 3f W ^ we construct a 
family of curves on Y of degree 5 parameterized by X, and show that its general 
member is a smooth curve of genus 3 for a general P. 

Later in Section |8] (see also Section 110. ip , we will show that this family is flat 
and explains the BPS number of curves of genus 3 and degree 5 on Y . The ideal 
sheaf of this family of curves in y x X will be related with the birational model 
G(3, r( — 1)^^) of W and will give the kernel of a Fourier-Mukai functor which shows 
that V''{X) ~ V^{Y). 



3.1. Constructing the family of curves. 

Recall our definition of basic morphisms; 

^ ^ ^ ^ _^ G(3, T/), 

where : — J> G(3, 1^) is a P^-bundle since the fiber over a point [11] consists of 
quadrics which contain the plane P(n). 

We consider X in G(2, V)., and denote by l^ the line in P(X^) which corresponds 
to a point x G X. We set Fx = \\(^\ ^ P \ Ix C Q}, the linear subsystem of P 
consisting of quadrics which contain the line Ix- Then dimPr = 2 holds [HoTa3| 
Prop.3.5.2]). 

Lemma 3.1.1. For any x ^ X , the plane Fx is not contained in the quintic sym- 
metroid H := .Jif n P. Moreover, for a general regular F and a general x £ X , the 
curve H n Fx is a plane quintic with only three nodes. 

Proof. If Fx C H, then it is a divisor on H and ffy^{Px) = aM with some integer 
a, where M is the generator of Pic(F) and satisfies AI^ = 10. We set Mh ■= 
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Op{1)\h- By pulling back the intersection relation 1 = Mh ■ Mh ■ Px to Y, we have 
2 = M -M ■ (aM) = 10a, which is absurd. 

Note that 77 is a quintic hypcrsurfacc while ~ is a linear subspace of 
P. Therefore H Cl Px is a plane quintic curve in Px- The final part follows from 
an explicit calculation of the plane curve H O Px by Macaulay2. We verify in the 
example below that, for a general P and a general x, the curve H n Px has three 
nodes as singularities. □ 

Example. (Nodal quintic curve H O Px) We fix a generic (regular) linear system 
of quadrics P = \Qi, Q2, Qsl giving the quadratic forms qi{z) = *zAiZ on ¥{V) 
by 5 X 5 symmetric matrices. Explicitly we give them by 

5 / Al A4 A3 Ar3 A2 \ 

^ A / A4 —A3 A2— A5 A2 A4 \ 

^A := > = A3 A2-A5 A2 A4 A1+2A2 . 

■Hf I A5 A2 A4 Ai A4 / 

«=1 \A2 A4 A1+2A2 A4 A1 + A2 / 

We identify [A\] with the corresponding point [A] = [J^i KQi] in P- Then it easy 
to verify that [z] = [-1,0,0,1,2] and [w] = [-1,2,0,-1,0] satisfies *zAxw = 
for any [A] G P, hence defines a point x in X and also the corresponding line Ix = 
{z,w). The plane Px is determined by the linear equations '^zAxz = *wA\w = 
as Px = {3Ai + 2A4 - A5 = 2Ai - A2 - A3 = 0} C P. Then the curve H D Px 
is given by the quintic equation representing Px Ci {dot A\ = 0}. By calculating 
the Jacobian, it is straightforward to see that H D Px has three singularities at 
[A] = [1, |(2a2 + 3a + 1), -^{2a'^ +3a - 8),a,3 + 2a] for each root a of the cubic 
Ax^ — — 13a; — 26 = which is nondegenerate. By writing the local equation of 
the curve, we verify that all these singularities are nodal. 

The symmetroid H = Jff n P is written by {det A\ = 0} C P. By using 
Macaulay2, we verify that Sing iJ is a smooth curve of genus 26 and degree 20 as 
noted in |HoTalj . We also verify that Sing H n {H n Px) = 0. 

Finally, consider a set {[A] G H Cl Px \ A\{az + bw) = 0,3[az + bw] e Ix}, 
which represents quadrics which contain Ix with a point on Ix passing through their 
vertices. Note that by the regularity condition ii), there is no quadric that contains 
Ix in its vertex. We verify that the three nodes on H n Px exactly correspond to 
this set. [] 

By this example, we see that the normalization oi H f) Px is a smooth curve of 
genus three for a general P and a general x € X. We show that the normalization 
exists as curves on Z and Y . 

To state the result precisely, we begin with a preliminary construction. We define 

Gx :={[n] GG(3,F) I lxCF{n)} 

and also 

^Tx {([n], [Q]) I Ix c P(n) cQ} = p-^iGx) C iT. 

Gx is a plane in G(3, V) and ^x is a P^-bundlc over Gx under the natural projection 
Sfx^Gx. Set 

7, := ^x n T^^\Y) = {([n], [Q]) I Ix c P(n) c g, [Q] e p} 

and denote by Gx its image on Y. We show 

Proposition 3.1.2. For smooth Calabi-Yau threefolds X and Y which are orthogo- 
nal to each other, {'jx}xex is a family of curves of arithmetic genus 3 and of degree 
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5 with respect to M^-, and its images {Cx}xex on Y is a family of curves of degree 
5 with respect to M . 

Moreover, if X and Y are general, then a general member Cx is a smooth curve 
of genus 3. 

Proof. Consider the projections Ix ■= P3^ ° "^s^ilx) and J^^x ■= Par ° T^af [2fx) ■ We 
define P^, := {[Q] e V{S^V*) \ Ix C Q}. If we write x ^ w^y X with a;,y e V{V) 
as a point of S'^'¥{V), then = {[Q] G f{S'^V*) \ *xAqx = ^yAqy = ^xAqy = 0}, 
where Aq is a 5 x 5 symmetric matrix defining the quadric Q. In particular, 
P^, is isomorphic to P". Then we have = {[Q] \ Ix C ^P(n) C Q} and 
7j. = J^x O P = M'x n Pa;. If a singular quadric \Q\ S contains a line I, then 
there always exists at least one plane P(n) such that I C P(n) C Q. Hence we have 
^ = n Pa; and 7^ = ^ n Pr = Jf" n C ^ n P. Since H = ,3er\P,we 
have = H n Px, which is a plane quintic curve by Lemma 13.1.11 

Now we note that if a line I is contained in a singular quadric Q but / ^ Sing Q, 
then there are at most two planes satisfying I C P(n) C Q. For the lines IxOix E X, 
we have dim Pa; = 2 as we see above. By the condition ii) of the regularity of P 
(see the beginning of Section (23) i there is no quadric [Q] G P which contains the 
line Ix in SingQ. Therefore 7a; — > 7a; is finite of degree at most two. In particular, 
7x is a curve. 

By |HoTa3| Prop.3.5.2], Pa; is a plane in Pa; and hence Px is of codimension 
9 in Pa;. Therefore, since 7a; = J^x n Pr C Jfx n Pa; = J^x, we see that 7a; 
is also a complete intersection in J^fx = ° T^^fi^) by 9 hyperplane sections. 
Corresponding to this, we also see that 7a; is a complete intersection of 9 elements 
of \M^J := \M^\^J in 3fx since 7a; is the pull-back of 7^. 

By this fact, we can compute the degree and the arithmetic genus of jx- The 
degree of 7a; with respect to is evaluated by using 3fx = P^^{Gx) and the Segre 
class of the projective bundle 3f ~ f{E*) — > G(3, 1^) as 

• {^x ■ M%) = • Sfx = S2(f IgJ = {ci{£f - c2{S))Gx, 

which is equal to {ci{£Y - C2{£))G x = (lOci(0G(3,y)(l))^ - 5c2(W))G;r by Lemma 
12.3.11 Since Gx is a plane, we have ci{OQ(^_y){l))'^Gx — 1. We note that, by 
definition, C2(W) = (73 which represents the 4-cycle {[H] | t G P(n)} C G(3,F), 
parameterizing 2-plancs containing a fixed point t of P^. Therefore choosing such a 
point t G P'' so that t ^ Ix, we see C2(W)Ga = 1. Hence we have M|? • 3fx = ■ 
7a = 5. Since deg7a; = deg7^ = 5, we see that 7a; —> 7^ is birational. The canonical 
divisor of 7a; is the restriction of + 9M^^ . From the relative Euler sequence of 
the projective bundle 3fx = T'{£*\c^) over Gx ^ P^ and ci{£) = 01(00(3 yj (4)), we 
have K3r^ = (-9A% + Ns-)\s-., where N^- := pJ-Cgo.v) (!)■ Thus K-,^ = Ns-\j^. 
Using the Segre class again, we evaluate 

p^,(M|. • ^x) = 5i(£|gJ = ci(£|gJ = ^N^\g., 

and obtain degKy^ = N^M'^ ■ ^ = ^{Ns^Y\g^ = 4. Therefore the arithmetic 
genus of 7a; is 3. 

Now we consider the image Cx on Y of 7a; . Note that a point ( [H] , [Q] ) of 7a; 
satisfying Ix G P(H) C Q {[Q] G P) is mapped to a point ([Q],^) in Y, where q 
represents a connected family of planes contained in Q. Then 7a; — > Gx is injectivc 
since once we fix a quadric Q of rank 3 or 4 and a connected family q therein, 
there exists at most one point ([H], [Q]) which satisfies [H] G q and Ix C P(H). In 
particular, the degree of Gx is 5 with respect to M. 
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Now we assume that X and Y are general. By Lemma rS.l-H the geometric genus 
of is three for a general x. Since the arithmetic genus of is three, is the 
normalization of 7^. Since 7^ has only nodes as its singularities and 7^ — Cx is 
injective, we conclude Cx — and Cx is a smooth curve of genus 3 for general 
x&X. □ 



m,qi) m.q2) {[Qlq) c'x/ -x ^ 




Fig.l. The curve Cx and its "shadow" C^. The line Ix and 
quadrics which contain Ix- If Ix passes through the vertex of Q, then 
two points ([QJj'i'i), ([<?]: 92) map to \Q\. Otherwise, {\Q\,q) G Y is 
uniquely determined by [Q]. 

Assume that X and Y are general. For a general point x in X, we can verify 
in the above example that the plane quintic curve 7^. has only three nodes and 
does not intersect with the singular locus Sing H. Since F is a double cover 

branched along Sing H and also the smooth curve Cx of degree 5 covers 73. , the 
inverse image 9~^(7a;) is the union of Cx and another curve C^, which we called 
"shadow" curve of Cx in Introduction (see Fig.l). As shown in Fig.l, we note that 
the shadow curve is also a smooth curve of genus 3 and degree 5 for a general x 
and intersects at 6 points with Cx ■ These 6 points are inverse images of three nodal 
points on 7^ . 

3.2. The Brauer group of Y. 

As an interesting corollary to the existence of the curves 7^; on Z, we show that 
Y has non-trivial Brauer group. Let Nz := No/r\z for = P^^G(3,v)(^)- 

Proposition 3.2.1. The P^-fibration Z ^ Y is not associated to a locally free 
sheaf of rank two onY. In particular, the Brauer group ofY contains a non-trivial 
2-torsion element. 

Proof. Assume by contradiction that Z — F{A) for some locally free sheaf A of 
rank two on Y. Since a fiber of Z — )■ F is of degree two with respect to Nz, we 
can write Nz = 27Jp(_4) + aMy, where a is an integer (here we use p{Y) = 1). 
Since Nz ■ 7a; = 4 and My ■ Jx = 5 by the proof of Proposition I3.1.2[ we have 
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4 = 2iJp(_yv) • 7^ + 5a. Thus a is even and ^Nz is numerically equivalent to the 
Cartier divisor + \aMY- Note that 

[Nzf = Nl,M'S = S2(f )ci(OG(3,y)(l)r = {ci{£f - c^[£))c^{Oo(,.y){l)f ■ 

By Lemma [2. 3. H we have {NzY = 40. Then {\Nz)'^ is not an integer, a contra- 
diction. □ 

We present a further discussion on the Brauer groups of X and Y in Subsection 



4. BiRATIONAL GEOMETRY OF '3^ 

Let ^3 := G(3,r(-1)^2)^ ^j^j^j^ jg ^ G(3, 6)-bundle over P(l/). The fiber of 
^3_->_IP(F) over a point [Vi] e P(V^) parameterizes planes in ^{f^{V/Vi)). In 
jHoTa3| ■ we have considered the two-ray game starting from the Mori fiber space 
'3^z — ?• P(F) and have constructed the Sarkisov link. As a final step of the link, 
we have obtained a nice desingularization 'W of 3^ , which appears in the following 
diagram: 




In this section, we review the construction and its several byproducts. 

4.1. The two-ray game. 

To start the two-ray game, we describe the contraction morphism from W'ito '3/ 
in Fig. 2. For this, we set 

^ := {(p2, [y^]) I p2is a plane in G(2,F/Vi)} C ^3, 

which is the orthogonal Grassmann bundle and consists of two connected compo- 
nents; 

^ = &>pU 

The fiber of S^p — > P(t^) over a point [Vi] G P(V^) parameterizes planes of the 
form Pva/Vi = {[C'^] I V2/V1 C C^} for a two-dimensional subspace V2 C F such 
that V\ C ¥2- By construction, the fiber is isomorphic to P(V^/Vi). Similarly, the 
fiber of — > P(V^) over a point [Vi] G P(V^) parameterizes planes of the form 
PV4/V1 = {[V2] I V4/V1 D V2} for a four-dimensional subspace Va C V such that 
Vi C V4. We see that the fiber is isomorphic to P{{V/Vi)*). Therefore we have 

= i'2(P(T(-l))) and = W2(P(f^(l))), 

where V2 means the relative second Veronese embedding. 
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^3 



^^1 



'^2 



Fig. 2. Birational geometries of '3^ . The Sarkisov link is siiown 
sclieinatically in tlie square of tlie diagram. 



Note that S^p ~ P(T(-1)) can be identified with the flag variety F(l, 2, and 
then there exists a unique niorphism — >■ G(2,y), which is a P^-bundle. In 
|HoTa3| Sect. 6. 5], we have shown that S^p is the exceptional locus of the Kgr.^- 
positive small contraction : 'Wz ^ 3^ and induces the above morphism 
3^p^G{2,V). ' ' _ 

In [ibid. Sect. 6. 6], we have constructed the (anti-)flip ^ for pj^^ and 

shown that ^ is smooth. Indeed, let — >■ be the blow-up of J% along ^p 
and Fp the exceptional divisor. Then we have obtained the following commutative 
diagram: 



■ Gn 



(4.2) 



■G(2,T/), 



where Gp ~ P(S^S*) ( sec (|2.ip for the definition of S)- Wc have shown that there 
exists a unique divisorial contraction : — > contracting Fp to Gp, and is 
smooth. Actually, ffy^ is the blow-up of W along Gp. 

As a byproduct of the construction of wc have shown that there exists a 
morphism -t- ^ ([ibid. Sect. 6. 4]). Indeed, noting the decomposition 



s2(r(-i))*®o(2) 



A'^(r(-i)^^) - s\T{-i))®o{i) 



([ibid. Prop. 6. 3.1]), we have obtained a rational map ---> ^ = P(S^r2(l)), which 
is nothing but the projection from ^^p. Then the morphism ^ — is obtained 
as a resolution of indeterminacy of ^ ^ . Then we have obtained a birational 
morphism — > from the Stein factorization of the composite ^ — ?► ^ — >■ 
([ibid. Prop.6.4.3]). Actually wc have also proved that '3^2 ^ '3^ factors '3^2 
Thus it induces the desired morphism p^: '3^ '3/ . 
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As a summary, we have obtained the following Sarkisov link: 

{anti-)flip 



In [ibid. Subscct.6.8 and Sect. 7], wc have described Pa^: '3^ '3^ m detail. We do 
not need such detail descriptions in this paper since they are needed only for com- 
putations of cohomology groups of certain locally free sheaves on in [ibid. Sect. 8] . 
We only mention that p^p is well described by relating '3^ with the Hilbert scheme 
of conies on G(3, V) (see the beginning of Section[5]). Roughly speaking, p^^ is the 
contraction of the prime divisor parameterizing reducible conies on G(3, V) to 
the locus Gay {pap is an isomorphism outside F^). The fiber of p^p over a point of 
G^^ corresponding to a quadric of rank 2 is isomorphic to x P^. 

Now we list up several byproducts of the construction of the Sarkisov link, which 
we need in the sequel. In what follows, we will use the following conventions without 
mentioning at each time: 

Ls: the pull back on a variety E of 0(1) if there is a morphism E — > P(y). 
A#s: the pull back on a variety E of 0^(1) if there is a morphism E Jff. 
Ns'- the pull back on a variety E of 00(3. y) (1) if there is a morphism E — > G(3, V). 

We have the following universal exact sequence on ^ = G(3, T(— 1)^^): 



(4.3) O^S* ^TT^^{T{-ir') ^ Q^O, 

where S is the dual of the relative universal subbundle of rank three and 
Q is the relative universal quotient bundle of rank three. 
Taking the determinant, we have 

(4.4) det Q = detS + 3Ls% = det{5(Li%)}. 
We also have 

(4.5) K^, = -6 det Q + AL^^ . 



We list up some descriptions of , which arc important in calculations 
in the proof of Lemma 16.3.111 



(4.6) Q\^^ ~ '5(i%)|^^ ([ibid. Prop.6.3.2]). 

(4.7) det Q\^^ = 2(i/p(T(-i)) + ([ibid. Prop.6.3.3] 
• By the construction of — ^ wc obtain the following: 



(4.8) 



Moj,^ = /4(det Q) - Lay^ - Fp ([ibid. Prop.6.4.5]). 
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4.2. The Grassmann bundle G(2,r(-1)). 

Here we elaborate the fohowirLg part of the diagram ()4.1 



G(2,r(-i)) 



(4.9) 



G{3,V) 



F{V). 



Fix a point [Vi] £ P{V). Then the Euler sequence V (g) O 

T(-l) -)• over [Vi] is represented by -)■ 1^ -> V/Vi -> 0. We denote the 

projection by ttv^ : V — V/Vi. We consider the dual vector space V* to V and 
identify the dual {V/Vi)* in V* as {ip € V* \ (p\vi — 0}. Then it is easy to deduce 
the following isomorphisms: 



(4.10) 



([Vi],[y.])eG(2,r(-l)) 
Pg 

mv,'iV2)] e G(3,F) — 



G(2,f2(l)) 5 ilv,UiV2V]) 



G{2,V*) 3 [vr-^'(V2)^], 



where V2 is a two dimensional subspace in V/Vi. 

Note that Grassmann bundles G(2,T(— 1)) and G(2,f2(l)) are embedded into 
the projective bundles P(T(--1)^) and P(rj(l)^), respectively. 



Lemma 4.2.1. P(rj(l) 



id Lm 



;t(-1)a2) 



P(r(-1)^2)^ andHp^nnv 
hold. 



'Hp 



;t(-i)a2) 



tT(-l) 



Proof. By the natural isomorphism T{~1)^'^ ~ n{l)^'^ 
0(1), we have the assertions. The relation L-p(^x{-i)'^^) 
definition. 



ip(a(i)A2) is clear by 
□ 



Since Og(2,v*)(1) = Cg(3,v)(1) in dHHl), we see Hp(n(i)A2) |g(2,t(-i)) = /i^C'G(3,v)(l)- 
Hence from the above lemma, we obtain 

Proposition 4.2.2. Define Nq(^2.t{-i) ■= f$OQ(^3,y){l). Then 



(4.11) 



-^G(2,T(-l)) = (-f^P(T(-l)-^2) + ip(T(-l)A2))|G(2,r(-l))- 



Note that G(2, T(— 1)) is a divisor in P(T(— 1)^^) since its restrictions to fibers are 
quadric hypersurfaces. We may describe the linear equivalence class of G(2, r(— 1)). 

Proposition 4.2.3. G(2,r(-1)) € \2H^t{-i)'-''^) + -Z^p(t(-i)a2)|. 

Proof. See |HoTa3l Prop.6.1.1]. □ 

Finally, we read from (|4.10p that 

Proposition 4.2.4. : G(2,r( — 1)) G{3,V) is the universal family of planes 
in V(V) parameterized by G(3,y). 

Proof. The fiber of over a point [V3] obviously consists of {[Vi], [V2]) which fits 
into ^ Vi ^ V3 ^2 ^ 0. This is described by P{Vs). □ 
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5. Generically conic bundles 

As we mentioned in the final part of Subsection 12.31 tlie Hilbert scheme ^% of 
conies on G{3,V) is birational to "S^. By jIMl Remark in the end of §3.1] and 
the construction of ^, ^ ^ is the blow-up of ^ along and ^ \ 
parameterizes r- and a-conics on G(3, V) while parameterizes cr-planes, where, 
for notational simplicity, we write the transforms of C on by the same 

By the definition of Hilbert scheme, we have the universal family of conies i?o 
abstractly. In this section, we construct birational models of this conic bundle 
over and explicitly, which are needed to construct and describe the closed 
subscheme A in x 5C~ . As a byproduct of the construction, we also construct the 
universal family ifo ^% in an explicit way. 

5.1. Conies on G(3,y). 

Here we review some basic properties of conies on G(3, V^. 

We first summarize the classification of conies on G(3, according to the type 
of planes contained in G(3, V): 

i) (p-plane) planes which are written by 

Py, :-{[H]eG(3,y)|y2cn} = p2 

for some V2 , or 

ii) (a-plane) planes which are written by 

Pv,v, {[n] e G(3, y) I C H C 1/4} = 
for some Vi and V4 with Vi C V4. 
For a conic q on G{3,V) C P(a'^V^), there exists a unique plane P^ C P{/\V) such 
that q CF^. Then, there are two possibilities: c G(3, V) or P^ <^ G(3, V). 
When P^ C G(3, V) we call q a p-conic if P^ = Pva for some V2, and a-conic if 
= PV1V4 for some Vi and F4. When P^ ^ G(3, F), we have g = P^ n G(3, V), 
and we call such a conic a r-conic. 

The Hilbert scheme of conies on G(3,X^) may be described as follows ( jIM| 
Remark in the end of §3.1]): let ^1 ^ ^ be the blow-up along U Then the 
exceptional divisor over is isomorphic to Fp as in (|4.2p . It can be contracted in 
the other direction and the target of the contraction is nothing but Then the 
locus Fp C of p-conics is the image of the exceptional divisor over ^p, which is 
isomorphic to Gp ~ P(S^9*), and the locus Fo- C of cr-conics is isomorphic to 
the exceptional divisor of ^ over is also the blow-up of along Fp. 

It has been shown in [HoTa31 Sect. 5. 3] that a smooth conic q C G(3, V) is a 
r-conic (resp. a p-eonic) if and only if q is the fiber of tt^-- : 2f —> over a rank 4 
point (resp. a rank 3 points). Moreover, we have identified vr^ : 2f ?V outside 
with the universal family of conies tt^^ : i?o — ?> 
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5.2. A generically conic bundle tt^^ : i?3 — ?> 

Set S3" = P(5*). The natural map TTf^^^ : S3" G(3,r(-1)^2) jg universal 
family of planes in the fibers of the P^-bundle P(T(-1)^2) ^ p(y)^ 




F{V). 



Restricting the diagram to G(2,T(-1)) C P(T(-1)^2) g^^^ setting S3 := 
G(2,r(-1)) Xp(T(_i)A2) S3", we obtain 




P{V). 



Note that G(2, r(-l)) is contained in G(3, V") x F{V) since G(2, T(-f )) ^ G(3, 
is the universal family of planes on F{V) fProDOsition l4.2.^ . Therefore, since S3 C 
G(2, r(-l)) Xp(y) ^3, S3 is contained in (G(3, V) x P{V)) Xp(y) ^3 ~ G(3, V) x ^3. 

Proposition 5.2.1. vr^j : S3 — ^ is a generically conic bundle, where a fiber of 
VTi^j is considered as a subvariety o/G(3, V) by the embedding S3 C G(3, V) x 
Moreover, tt^^ : S3 ^ coincides with the universal family of conies tt^To ■ S) — > 
071 \ ,f^p U ^cr; where we consider \ (i3^p U os an open subset of 

Proof. We have only to describe fibers of vr^g since is isomorphic to the Hilbert 
scheme of conies outside U by |IM1 Remark in the end of §3.1]. Take 
[^i] e ¥{V) and [V3] G G(3, A^T^/^i)- Then the fiber of 7r^3 over [^3] is isomorphic 
to FiVs) n G(2, V/Vi) C G(3, V), which is a conic if [V3] ^ ^pU 3^^, or is the plane 
P(^3) if [^3] G U (note that G(2, V jVx) is a quadric in F{f^{y IVx)))- □ 



Note that S3" is contained in P(r(-1)'^2) Xp(y) ^, which is a P^-bundle over 
For Lemma r6.3.9[ we need a description of the ideal sheaf of S^" in P(T(— 1)^) Xp(v') 
as a projective subbundle. For this we need the following standard lemma: 

Lemma 5.2.2. Let X be a variety, and 0— >,4— S-C— >0a short exact 
sequence of locally free Ox-sheaves. Associated to the surjection B ^ C, we may 
regards F[C*) as a subbundle ofF{B*). As such, the subvariety F{C*) is the complete 
intersection with respect to a section of tt*A* ® C'p(g.)(l), where tt is the natural 
projection F{B*) — > X. 

Proof. Let I be the ideal sheaf of P(C*) in F{B*). We have a natural exact sequence 
— > I® C'p(i3*)(l) C'p(e.)(l) — !■ C'p(c*)(l) — > 0. Pushing forward this on X, we 
have 7r*(I ® e'p(B.)(l)) B ^ C ^ 0. Therefore A ~ tt^I ® Op(a.)(l)). 
Moreover, by a natural map 7r*7r*(I ® C'p(i3*)(l)) I ® C'p(g.)(l), we obtain 
■K*A -^I® Op(B.)(l). Investigating this along fibers, we see this is surjective. □ 
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Applying this to i^Vj", we can derive the Koszul resolution of Osr^ as a 0-p(^T{-iy^)Xf^v)'S^3~ 
module: 

Proposition 5.2.3. The subvariety S"^ in P(r(— 1)^) Xp(y) is the complete 
intersection with respect to a section of Op(T(-i)2)(l) ^ Q, hence has the 

following Koszul resolution: 

^ A'{Op(T(-i)^)(-i) K Q*} ^ a'{C^p(t(-i)-)(-i) ^ Q*} ^ 

Proof. Since J^^" = P(5*), the assertion follows by applying Lemma [5.2.21 to the 
dual of gH). □ 



We calculate some basic divisors on 
Proposition 5.2.4. (1) N^^ ~ Hp(^g*-j\^^ + L^^. 

(2) The relative canonical divisor K^^/a^^ := — TT^^Ka^r^ is given by 
K^r./m = (dot Q ~ i% 

Proof. (1) follows from (|4.1ip and Proposition 14.2.1] since i?p(5*)|s'3 is the pull-back 
of i/p(y(_i)A2) by (|4.3p . 

Since = P(5*), we have the Euler sequence -J> 0^3" (-1) ir^uS* -J- 
Tir3"/®3(-l) ^ and then 

= -3i?p(5.) + vrj,, det5. 

Note the inclusion i : G(2,T(-1)) P(T(-1)^2) ^^^^ ^j^,, definition = ^3" n 
i(G(2,r(-l))). Then, by Proposition 11231 we have e \2Hr^S'')+ Ls:.^\. Hence, 
by the adjunction formula and (j4.5p . we have 

^ir3/% = {^iTgV^ + (2-H"p(5*) + i^3")}|ir3 "■f^P(5*)l^3 + ^^^3 + det5. 
Finally, by (1) and g^l), we obtain (2). □ 
SPi has the following nice description: 

Proposition 5.2.5. : ^> G(2, T(— 1)) is a G(2, 5)-bundle. In particular, 
is smooth. 

Proof Take a point ([F2], [Vi]) € G(2,r(-1)), where [F2] £ G(2, V^/Fi) _and [Vi] G 
P(V"). Then the fiber of p^e^ over ([yz], [Vi]) is isomorphic to {[^3] | a^"V^2 C V^3 C 
a2(F/1/i)}^G(2,a2(F/Fi)/a^F2). □ 



We set 2fp := 7r^J(^p) ~ P(5*|^J and := 7r^^(^.) ~ P(5*|5^J. J^, -> 
and ^ are the family of planes parameterized by and respectively. 
Now we describe the restriction of the diagram (|5.2p over ^p-. 
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where we set p^^ := p^^\sse^ and tts^^ := VTiTslirp- 

Proposition 5.2.6. : — > G(2,T(— 1)) is a -bundle. If we consider p^^ 

as a sub-fibration of G{2, 5)-bundle p^^: 3^3 — > G(2,T'(— 1)), then a fiber of p^^ 

is a conic in G(2,5). Similar assertions hold also for := p^ : — S- 

G(2,r(-i)). 

Proof Take a point [V3/V1] £ G{2,V/Vi) C G(2,r(-1)). We show the fiber 7 
of /% over [V3/V1] is P^. Note that 7 can be considered as a subvarieties of a 
fiber of ,9>p P{V) since jTp C G(2,r(-1)) x^y) ^p- Recall that the fiber of 
— > F{V) over a point [Vi] G P{V) parameterizes planes in G(2, V/Vi) of the form 
-PV2/V1 = {[V2] I V2/V1 C V2} with some 2-dimensional subspace V2 C V. Then 
7 parameterizes planes of the form Pvs/Vi which contain [V3/V1] G G(2,y/Vi). 
Therefore 7 ~ {V2 | Vi C V2 C V3} ~ P^. This can be identified with a line in 
F{V/Vi). Thus this is a conic in n G(3, A^V/Vi) = W2(P(V"/Fi)). 
The assertions for p^ can be proved similarly. 

□ 

Finally, for Lemma [6.3. Ill we add a fact about the relative Euler sequence for 
the projective bundle tt^-^ : P{S*\^^) — s- ^p; 

(5.4) ^ ^ 7^^^ ^ 0, 

where we set TZar, Tp,^s*\r^^)/3'p ® C'p(5.|^^)(-1). 

Lemma 5.2.7. Let be the pull-back of the universal quotient bundle W on 

G{3,V) by the composite 2fp ~> G(2,T(-1)) ^ G{3,V). It holds that ^-^ ~ 
T^-iTp <8) 7rirp*Op(T(-i))(l)- 

froo/. Take a point [Py^/yJ of S^p and then take a point [Fi] of the fiber Piy IV2 ® 
V2/V1) of TTg-p over [Pyj/vJ- The exact sequence (|5.4p restricts at [T^i] to 

^ ^ VIV1 ® V2/V1 {V/V2 ® V2/Vi)/Vi 0. 

On the other hand, let [V3/V2] be the point of P(y/V2) corresponding to \Vi\ 
through the isomorphism V/V2 ~V/V2®V2/Vi, namely, ^3/1/2 ® V2/V1 = Vi. The 
fiber of W^^ at [Fi] is nothing but V/V3 ~ {V/V2)/{V3/V2). Therefore we have 
Ws-p ^ Hs^, ® vr^/Op(T(-i))(l)- □ 



5.3. Generically conic bundles vr^j : ^2 ^ '3^2 and vr^j : 5i ^> 

In this subsection, we construct the generically conic bundle S'2 '3^2 which is 
isomorphic to the universal family of conies on G(3, V) outside ^o-- 

Recall the diagram (|5.ip and its restriction (|5.2p . In general, for a flat fibration 
tt: S — > '3^3, the morphism S — !> S is the blow-up along 7r~-'^(^p) and the 
exceptional divisor is E Xgr^ Fp since — > is the blow-up along 3^p with the 
exceptional divisor Fp. We apply this fact to the P^-bundle P(r(-1)^2-) ^pjy) ^2 
over and also its two subbundles; 

(i) the G(2,4)-bundle G2 := G(2,r(-1)) Xp(y) ^2 and 

(ii) the p2-bundle := x<% ^2 = ^(yf^^*). 



Hosono and Takagi 



21 



The exceptional divisor of J^a" "> is -^3" Fp = P(/45*|_fJ. Note that 
^3 = (G(2,r(-1)) Xp(y) ^3) n S^" by definition of ^3- Then the corresponding 
intersection 

• — ^2 ' ' =^2 

is the total transform of since it contains the exceptional divisor of S'2 —J- 

is reduced since i?3 is smooth by Proposition 15.2.51 This ^* also plays an 
important role for the proof of Proposition 16.3.101 (see Lemma 16.3.9^ . 

Let 2^2 be the strict transform of which is nothing but the blow-up of i?3 
along 3fp by the universal property of blow-up. By Proposition 15.2.11 S3 — > 
coincides with the universal family — >■ ^% of conies on G(3, outside and 
where we consider \ {^p U as an open set of Thus coincides 
with outside the inverse images of Fp and .^o-, where we denote by the 
transform in '3^2 of and we consider ^2 \ {Fp U as an open set of Recall 
that ^ is the blow-up along the locus Fp of p-conics. Let 3fi be the pull-back 
of the universal family to . Now we consider ^ \ J^o- as an open set of . 
Then, over \ 3^^, ^2 coincides with 3(i since and are prime divisors in 
the P^-bundle ^2\'3^2\3'^ ^^'^ coincide with each other over \ (^^ U Fp). In 
particular, the fiber of i?2 — ^ over a point of Fp can be regarded as a p-conic. 

In a similar way, we can show 3fi is equal to the blow-up of ^3 along ^p and 
3fa-- Therefore 3fo can be constructed explicitly by contracting the inverse image 
of Fp in the other direction. 

We calculate the relative canonical divisor K^^jot/^: 
Proposition 5.3.1. It holds K^^/ay^ = M^^ — N^^. 

Proof. Denote by Ep the exceptional divisor of p^^^ : ^2 ^ Note that ^^^{Ep) 
is the exceptional divisor Fp of fh^^: ^ — >■ and Ep = TT^^{Fp). Since the 
codimension of ^p in is three and that of Tf^^i^p) in i?3 is two, we have 

By Proposition [n2!l(2), it holds K^r^/oj/^ = 7r|.^(det Q - L<%) - iV^g. Therefore 
we have 

■^iTs/^ = (^2 2 - ^2^2 - -Fp) - 7V^2 ■ 
Now, by (|4.8p . we have the assertion. □ 

Further, we may construct a generically conic bundle vr^: — > by replacing 
3f2 over Fp by J2fo. Then we obtain the following commutative diagram: 

^2 

(5.5) i i 

^^2 
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6. Constructing the ideal sheaf I of a closed subscheme A on x ^ 

The aim of this section is to construct an ideal sheaf on ^ x with its explicit 
locally free resolution. This ideal sheaf entails the derived equivalence between 
X and Y in Section |9l Further we expect this would describe the homologically 
projective duality of suitable noncommutative resolutions of ^ and "3^ . 

6.1. Statement of the result. 

In |HoTa3[ Subsect.6.7], we have introduced locally free sheaves Sl^ Q and T 
on iV. Sl and Q are locally free sheaves characterized by the properties that their 
pull-backs on '3^2 coincides with p^^S[Lay^) and p^^^Q respectively. T is a locally 
free sheaf such that the dual T* of its pull-back on ^2 fits into the exact sequence 

(6.1) ^ r* ^ TiSy^m) ^ (/q%lFj*Op(T(-i))(l) 0. 

It has been shown that these sheaves define a Lefschetz collection in the derived 
category V^i^) [ibid. Thm.S.l.l]. In fact, these sheaves appear in the following 
resolution of an ideal sheaf I on x . 

Theorem 6.1.1. There exists an SL {V)-invariant normal Cohen- Macaulay closed 
subvariety A in x ^ whose ideal sheaf I has the following Sh{V )-equivariant 
locally free resolution: 

Our proof consists of several steps in the subsequent subsections and is completed 
in Subsection 16.51 

Before we proceed to the proof, we remark that the morphisms of the resolution 
(|6.2p are determined uniquely by requiring SL(V^) equivariance. For this, let us 
write the resolution (j6.2p in terms of the ordered collections introduced in [HoTaSl 
Thm.3.4.4 and 8.1.1] with minor modification; 

{£3,S2,Sla,Slb) = (52, f\ O^, Q*{M^)), 
(J-3,J-2,J-L,-Fib) = (0^, 9* J, ff*S2j, 0^{L^)). 
Using these, the resolution takes a concise form; 

^ f3^-^3 ^ £2^J'2 £ia^T[^®£ib^Fu X®{0^{M,^)mO ^{2L a^)} 0. 
Then the maps in the resolution are derived from 

(a) £3 K -^3 ^ £2 K -^2, [h) £2^ 3^2^ £la H Ha. (c) ^2 ^ ^2 ^ £lb ^ 

{d) £,a^J'L^0^{M^)^0^{2L^), 
(e) fibK J-ib ^ aj(M^)KO^(2L^). 

We show that all these maps are constructed SL(F)-equivariantly by the following 

principle: 

Let (^1,^2) and (81,82) be two pairs of locally free sheaves on a variety. By 
tensoring the evaluation maps Hom(^i, ^2) 'S^ Ai A2 and Hom(Si, ^2) (E) 81 ^ 
82, we obtain 

(Hom(^i,^2) «'Hom(Bi,i32)) ® (Ai ® 81) A2 82. 
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We suppose 

(6.4) Roui{Ai,A2) c^iloui{Bi,B2)*. 
Then corresponding to the identity element in 

Hom(A,^2) ® Hom(6i,B2) ~ Hom(Hom(6i, Ba), Hom(i3i, ^2)), 
we obtain the SL(l/)-equivariant map 

(6.5) Ai Bi ^ A2 B2. 

We verify the condition (|6.4p for the maps (a),(c) from the non- vanishing Hom's 
among the the ordered collections {£i)i^i and {Ti)i^i with J^ia = F'l^^/O ^{~H + 
2L^), which are displayed in the following quiver diagrams: 




Homo^j^(^i,i?j) Homci^(j;, J"j) 



For the case (b), the isomorphism Hom(£2, ^la) — V appears in the diagram (j6.6p . 
To compute Hom(J^2, -7^ia)j "^e use the exact sequence 0^{—H^ + 2L^) ^■ 
Ha -^la ^ 0. The vanishing H'i^ ,g*3^(E)0^{-H^+2L^)) = follows from 
the fact that g : £ ^ G(2, V) is a P^-bundle. Therefore we have Hom(J^2, -T^L) - 
Hom(J^2, -T^ia) — V*, where the latter isomorphism appears in the diagram (|6.6p . 
For the cases (c) and (d), respectively, we use the following calculations: 

Hom(pr^ S^a^pi'l 0^{M^)) = H\¥, 0^{M^)) ~ SV, 
Hom(pr; J-{,,pr;0^(2L^-.)) - i?"(G(2, F), S^^) ^ SV*, 

and 

Hom(prt £,t,pyl 0^{M^)) = H\%, Q) = i7°(P(F), T{-lf) ^ t\V\ 

Hom(pr;7-ib,pr* O a^:{2L ^^■)) = H"" {G{2,V),0 ^{L ^)) ^ f^V. 

Let (^1,^2) and [Bi,B2) be the sheaves corresponding (a)-(e). Set W := 
Hom(Si,S2). Then we observe that Hom(^i,^2) — W* holds with an irre- 
ducible SL(y)-module W in each case. Therefore Hom(iy, W) ~ C, and the Sh{V)- 
equi variant map Ai ® A2 Bi ® B2 are unique for all. 
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6.2. Closed subschemes in ^3 x and in ^ x !£ . 

In this section, we give preliminary constructions for tlie proof of Theorem 16. 1.11 
and present a sketch of the proof. In Proposition 13.1.^ we have found a family of 
curves on F C parameterized \>y X d X . The subscheme A in x ^ is the 
scheme behind this family. We start with the flag variety Aq := F(2, 3, V\ namely, 
the closed set 

(6.7) Ao = {([F3], [^2]) I Vi C Vz] C G(3, V) x G(2, V) 

with reduced scheme structure. Let us recall that we have defined the family of 
curves starting from the plane = {[H] £ G(3, V^\lx P(n)} for a line l^- Note 
that the plane Gx is nothing but the fiber of Aq — >■ G(2, y) over [Z^]. 

6.2.1. Af in 3^3 x £. 

As we remarked just above Proposition 15.2.11 SC^ is contained in G(3,F) x 
Therefore we obtain a natural morphism S'^ G(3, V). By this morphism ifa — > 
G(3, F) and 5 : ^ ^ G(2, V), we have the product morphism JTg x ^ G(3, F) x 
G(2, F). Define the subset in x as the pull-back of Aq by this morphism. 

Let Ag C G(2, r(-l))x^ be the pull-back of Aq by the morphism G(2,T(-l))x 
^ G(3, V) X G(2, y). Then is the pull-back of Aq. is a G(2, 5)-bundle 
over Ag since so is ^ over G(2,T(— 1)) by Proposition l5.2.5l 

For any point x G ^ , we denote by ^ the fiber of Z^ — )■ J;" over x. Let Ix 
be the line in W'{V) corresponding to g{x) G G(2, V). 

Proposition 6.2.1. For any point x G 3^ , the variety Z^^ has a structure of a 
G {2, b) -bundle over the blow-up ofP{V) along Ix- In particular, Z^^ is and hence 
is smooth. 

Proof. Let Ag.x be the fiber of Ag — >■ ^ over x. By the above discussion, Z^^ is a 
G(2, 5)-bundle over Ag.^^. Therefore we have only to show that Ag.x is isomorphic 
to the blow-up of f'{V) along Ix. 

We describe G(2,T(— 1)) as the universal family of planes on P(F), namely, 

G(2,T(-1)) = {([F3], [Fi]) I V, c t/3} C G(3, V) X nV). 

Then it holds that 

Ag,. = {([^^3], [Vi]) I Vi c V^.lx C nVz)} C G(2,r(-1)). 

It turns out that the natural projection morphism from Ag,:c to P(V^) sending 
([^3]. [^1]) to [V^i] is the blow-up of P(y) along the line Ix- ' □ 

Let 7r^3 be the morphism tt^^ x id^ : x ^ x 3t and set A3 := tt^^ (Af ) 
with reduced structure. Then we have 

Proposition 6.2.2. Let [Vi] be a point ofP{V). If [Vi] ^ Ix, then the fiber of 
A3.X ^ P{V) is isomorphic to G(2,5). // [Vi] G Ix, then the fiber ofA^x ^ 
¥(V) is isomorphic to the ^-dimensional Schubert cycle {[Us] \ PlUs) n 11 ^ 0} C 
G{3, /^V/Vi), where 11 is a fixed plane of P{/\^V/Vi). In particular, Z^^, — )■ A^^x 
is and hence Z^ A3 is birational. 



Hosono and Takagi 



25 



Proof. Since ^. is the puU-baek of Ac,. 



we have 



(6.8) Af,, = |([y3];[^i] 
Therefore we have 



[U3 



(6.9) 



A 



3.x 



UaCA^iV/Vi), 3V3 s.t. 

Vi c 1/3, [a'(i^3M)] e nus),^ c P(F3) 



c ^-3. 



c;r3 



If [Vi] ^ Ix, then V3 in the description of A3.J; is uniquely determined as V3 = 
Vi © C?:j. Therefore the fiber of A3.^ V{V) over [Vi] is isomorphic to G(2,5). 
In particular the natural morphism A|^^ — > A3_j; is, and hence ^ A3 is bira- 
tional. Assume that [T^i] £ l^- Then Va/Vi's in (US]) form a 2-plane in G(2,F/Vi); 

I Clx/Vi C V3/V1}, which we denote by II^:. Note that conies in n^; 
are p-conics. Then the fiber of A3 x V{V) over [Vi] is the Schubert cycle; 

{[Us] I P(c/3) n ^ 0} c G(3, A^v/Vi). □ 



Remark. The Schubert cycle {[U3] \ P(C/3) H fl^i. ^ 0} has a natural resolution of 
singularities; {([V3], [U3]) \ [V3/V1] e ¥iU3),lx C P(V3)}, which is contained in Af^^ 
and has a G(2, 5)-bundle structure over {[V3] \ Ix C P(T^3)} ^ P^. 



6.2.2. Af m 

Let p: 3f2^ G(3, V) be the composite of ^2 ^ ^3 and 2^3 ^ G(3, F). Define 
to be the pull back of Aq to 3^2 x £ hy px g : 2^2 x t G(3, V) x G(2, V). 
Then is also the pull back of A^. We denote by the fiber of Z^ -> £ 
over x. 

Note that n Z^^ is smooth since it is a P^-bundle over Aq^x by Proposition 
15.2.61 Since ^ — !■ i?3 is the blow-up along = T^^J^S^p\ we have the following: 

Proposition 6.2.3. I^2,x blow-up of l^^x along ^p n Z^^.. In particular, 

X '^'^^ hence Z^ is smooth. 

Our proof of Theorem 16.1.11 will be presented in Subsections I6.3H6.5I 

In Subsection 16. 3[ we construct a locally free resolution of the ideal sheaf 
of Z^ in J°2 X jr' from that of the ideal sheaf lo of Aq in G(3, V) x G(2, V) (see 
(I6l0)l and (j6lT|) V _ 

For notational simplicity, we write the transforms of C on J?^ and 
by the same We set ^f^" ^2 \ ^^^(^a) and — ^2 \ ^a- As we see 

in Subsection 15.31 is a conic bundle and a fiber of tt^j is a conic on 

G(3, y) which is not a cr-conic. Then we calculate the pushforward of the locally 
free resolution of Xf^ by tt^^ := vr^j x id^ : x X ^ '¥2 x over the flat locus 
'¥2 X 3^ . Then, also in Subsection 16.31 we obtain a closed subscheme of 
and a locally free resolution of its ideal sheaf I| (see (|6.16p , Proposition 16.3.71 and 

In Subsection 16.41 we calculate the pushforward of the locally free resolution of 
If by the morphism %° ^ 3t ^ ¥° x 3t , where wc set ¥° := ¥\ Then 
we obtain an ideal sheaf 1° on W x ^ and its locally free resolution (see (|6.34p ). 
Let baj^o be the open immersion x ^ ^ '3^ x . Finally, we show that the 
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pushforward i-^o^ of X° and its locally free resolution coincides with the ideal sheaf 
I and its locally free resolution (|6.2|) . respectively as in Theorem 16. 1.11 

In Subsection 16. 5[ we show that the closed subscheme A of x defined by 
X is normal and Cohen-Macaulay. 



6.3. A locally free resolution of an ideal sheaf I| on x . 

Starting with the following locally free resolution of the ideal sheaf of the sub- 
scheme Ao C G(3, y) X G(2,F) as in (|6.7p . we obtain the resolution of the ideal 
sheaf on 'W^ x !£ . Our construction consists of four steps. 

Proposition 6.3.1. The ideal sheaf 2q of Aq in G(3, V) x G(2, V) has the following 
Koszul resolution: 

(6.10) ^ A*(w* ms*)^ A^(W* K T) A^(W* K J*) ^ W* K J* ^ Xo ^ 0. 

Proof. Tensoring the two natural surjections V ®Oq(z.v) ^ a-nd V* ®Oq(2.v) ^ 
3^, we obtain a map (V® V*)(E)OG(3.v)xG(2,y) ^ WK13^. Associated to the identity 
in Hom(y, V) ^ V (g) V* , we obtain the map OG(3,y)xG(2,y) -J> W H J. We show 
that Ao is the scheme of zeros of the section associated to this map. Indeed, at 
a point ([V^i], [^2]) of G(3,F) x G(2,V), the fiber of W is V/V3 and the fiber of 
3^ is ^2*. Then it is easy to see that the identity in V (E) V* is contained in the 
kernel of the natural map V ® V* ® V2 if and only if V2 C V3, namely, 

([y3],[^2]) e Ao. □ 



Step 1. Let X^ be the ideal sheaf of on ^ x J?'. By pulling back (|6.10p to 
X we see that X^ has the following locally free resolution; 

^^■^^^ /\^{p*W* m g*T) p*W* K g*T -> Xf 0. 

In this step, we calculate the pushforward of this by vrgSj : x — > x J?^. 
See Proposition 16.3.41 

Until the end of this subsection \6.S\. we consider only on x ^ to calculate the 
higher direct images for vf^j ■ simplify the notation, we abbreviate the symbols 
for the restriction. 

For our calculations below, we prepare the following two lemmas: 

Lemma 6.3.2. Let P = Pva be the p-plane in G(3, V) associated to some two 
dimensional vector space V2 in V {cf. Subsection lb .1^ . Then W|p ~ rp(— 1). 

Proof. From the natural surjection V CE) 00(3, y) ~^ "^i we obtain the surjection 
V/V2 ® Op ^ W|p. Since P ~ P(V/V2), this surjection is contained in the Euler 
sequence of P . Therefore W | p ~ Tp ( - 1 ) . □ 

Lemma 6.3.3. Let q be a conic on G(3, V). Suppose that q is not a a -conic. Then 
H'{W*\g) = 0. Moreover, if q is smooth, then W|, ~ Opi (1)®^. 

Proof. We denote by the plane spanned by q. 

First we suppose g is a r-conic. As we have shown in |IIoTa3[ Subsect.5.4], 
there exists an S" ~ G(2,4) C G(3, V) such that q C S. The conic g is a complete 
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intersection in S since PgO S — q, and then Oq has the following Koszul resolution 
as a Os-module: 

^ Os(-3) ^ 0s(-2)®3 ^ Os(-l)®3 ^ 0s ^ Cg ^ 0. 

Tensoring this exact sequence with W*\s and using Theorem 12.1.11 it is easy to 

derive if' (W* I, ) =0. 

Second we suppose g is a p-conic. By Lemnia[6321 it holds that W|p2 ~ Tp2 (— 1). 
Tensoring W*|p2 with the exact sequence — > Op2 (—2) — Op2 Oq 0, we have 

^ r2p2(-i) ^ oJ.2(i) ^ w*|g ^ 0. 

By Theorem 12. 1.1) it holds that all the cohomology groups of r2p2(— 1) and 51p2(l) 
vanish. Thus we have H'{W*\q) =0. 

The last part follows from the first. □ 

The following argument to obtain (j6.16p is inspired by |Ku21 Lemma 8.2]. 
Let us split ()6.1ip into the short exact sequences: 

(6.12) ^ A'*(P*W* M g*J*) -> A^(P*W* K g*r) ^ /Ci ^ 0. 

(6.13) ^ /Ci ^ A^(P*"^* ^ .9*3"*) ^ /C2 ^ 0. 

(6.14) /C2 ^ p*W* K ^ Zf ^ 0. 
By (|6.14p and Lemma [6.3.31 we have 

(6.15) tt^Ap*^* ^ 9*3^) = K g*r ) = 0. 
Hence we have tt^2*^¥ = R^T^^2*f^2, and tt^^*^^ = 0. Thus by (|6.13p . 

Since A^(/0*W* Kl.g*J*)|, ~ Opi(-2)®6 on a smooth fiber q by Lemma [6X3] and 
%2*A^(p*W* K g*J*) is torsion free, we have 7rs',,A^(yO*W* H .g*J*) = 0. This 
implies that TTsi^/Ci = by (|5T^ . Thus by (pT^ . 

Therefore we obtain the following result: 

Proposition 6.3.4. Define := i^^^Ji^ , which is an ideal sheaf on x ^ . 
Then there exists an exact sequence on the locus x : 

^ R^fc^,*/\\p*W* M g*r) -^R^n^,,/\^{p*W* M g*r) ^ 

^''■^^^ R^T:s,*f^{p*V^* ^ g*T) ^ ^ 0. 



Let and be the closed subschemes of x ^ and W^f x ^ defined 
by and l2° respectively. We set vta := TTsilz^ - To show A is normal and 
Cohcn-Macaulay in Subsection 16.51 we prepare the following Lemma: 

Lemma 6.3.5. tta*©^" = Oa? o-nd i?^7rA»C'A|'° = 0- 

froo/. By (|6.14p and (|6.15p . we have R^fc^^^lf" = 0. Taking the higher direct 
image of the exact sequence — > — ^ ^s°°x.£' ^ ^^r*' ~^ ^® obtain the 
exact sequence — > l2° — > Oay^o^^ T^AtO"^ and R^tta*0'^ ~ since 
i?i%,H.lf ° = and -R^%2*Cir°xa;- = 0- Thus 7Ta*0^o = Oa-- □ 
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Step 2. In this step, we rewrite each term of the resolution ()6.16|) by the Grothendieck- 
Verdier duahty. See Proposition 16.3.71 

Lemma 6.3.6. Let q be a conic on G(3, V). Suppose that q is not a a -conic. Then 
H^{q, a'W®^ (S)Oq{-l)) = (l<i<4). 

Proof. First suppose that g is a r-conic. As in the proof of Claim 16.3.31 take 
S ~ G(2,4) C G{3,V) such that q C S and consider the Koszul resolution of Oq 
on S. Tensoring this exact sequence with A^W]®"^ ®Os{~l), we obtain 

^ (A^Wlf )(-4) ^ (/\^W|f )(-3)®3 ^ (A^Wlf )(-2)®3 ^ 

A'W|®2(_1) ^ /\'W®2 ® Oq{-l) ^ 0. 

Using Theorem 12. 1.11 it is easy to derive the assertion. 

Second suppose that q is a p-conic. As in the proof of Lemma 16.3.31 tensoring 
(a'W®\2)(-1) ~ (A*Tp2(-l)®^)(-l) with the exact sequence ^ Cp2(-2) ^ 
Op2 — !> Og — 5- 0, we have 

-> (A'Tp.(-l)®^)(-3) ^ (A'Tp.(-l)®^)(-l) ^ A*W®2 ® Oq{-l) ^ 0. 

Computing all the cohomology groups of {/\'Tp2 (-l)®^)(-3) and {/\'Tp2 (-1)®^)(~1) 
by Theorem 12. 1.11 we have the assertion. □ 

By Lemma 16.3.61 we may apply the latter part of the Grothendieck-Verdier 
duality [2T2I to the morphism x x j?r, and then we have 

Note that s^^^y, sc I 'S/iy. sc ~ 2'^ 2^2/ '3^2 — 2(2192 ^ ^ £• Proposition 15 . 3. ll we 
have Ka^'^ja/^ = — N^^. Thus we have 

^'%2*A'(P*W*K.g*r) ~ 

We write down this more explicitly. For this, we use the following formula (see jFHl 
Exercise 6.11]): 

(6.18) A*(/0*W M g*J) ~ Z^p*W H Z^'g* J, 

A 

where A are partitions of i with at most 2 rows and column, and A' is the partitions 
dual to A. 

Proposition 6.3.7. The exact sequence (|6.16p O C'^2(A'/^2) Kl O ^^{2L £■) on the 
locus y- Si' is presented as follows: 

K.g*S2j©{^S'2*({p*S2W}(-iV^J)}* KO^(L^) ^ 

XI ® Orjjr^MqirA m 0^{2L^) ^ 

Proof By using (jgl^ . we evaluate a'^(p*W K g*J) = 0^2(2A^ir2) ^ 0^(2^5^-). 
Then we have 

R'7r^,*A\p*W*Mg*r) ~ {{7T^,.0^,{N^,)r ® 0^%(-A%)) K 0^(-2L^). 
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Similarly, we evaluate A^{p*W H J) ~ p*W{Ns%_) Kl g*'J{L ^) and have 

Finally, wc have 

A^(^*W K .9* J) ~ A^/0*W K S^Cg* J) © S2(p*W) m f^g*J 

Using this we evaluate i?^%'2*A^(p*W* K .g*?'*) as 

□ 

In the following two steps, we will characterize the following sheaves: 

(6.19) ^ir.*Oir.(iVi?i), vr^i*(/5*W), 7nr,,({p*S2W}(-7V^J), 

which appear in the resolution. Here we present a preliminary result. 

Lemma 6.3.8. All the sheaves in (|6.19p are locally free on 'S/^ ■ 

Proof. By the Grauert theorem, it suffices to check that the dimensions of _ff "^-terms 
of the restrictions of the sheaves to fibers in (|6.19p arc constant on Let q be 
the fiber of ^2 ^ ^2 over a point of . Let [^i] e P(F) be the image of q by 
— > P(l^). We may consider g as a conic on G(2,l//Vi). Let be the plane 
spanned by q. 

For 7r^2*0^2 (A^^2 ), we have 

H\q, Ns, I,) ^ H"{q, 0,{1)) ^ i/0(p2, (1)) ^ C3. 

For 7r2°2*(p*'W), the sheaf /0*W|q is generated by global sections and its degree 
is two. Therefore, by the Riemann-Roch theorem, 

H"{q,p*W\g)^C\ 

For 7rir2*({p*S2W}(-Ar^J), we can show H°{q, {{p*S'^W}{^Ns^^))\g) ~ by 
similar computations to those in the proof of Lemma 16.3.61 Here we do the cal- 
culations only in the case where g is a p-conic. Tensoring {{p*S'^W}{—N^r^))\p2 ~ 
(S^rp2( — 1))(— 1) with the exact sequence — )• C'p2(— 2) — !> Op2 — > — ^ 0, we have 

^ (S%2(-l))(-3) (S2Tp.(-l))(-l) ^ (S2Tp.(-l))(-l)|, ^ 0. 

We can compute all the cohomology groups of (S^Tip2 (—!))(— 3) and (S^rp2(— 1))(— 1) 
by Theorem 12. 1.11 as follows: all the cohomology groups of (S^Tp2 (— 1))(— 1) vanish. 
The only nonvanishing cohomology group of (S^Tp2 (— 1))(— 3) is and 

(6.20) H\Pl, (S2rp2(-l))(-3)) ^W*^ /\^W*, 

where W is the three dimensional subspace of A^(y/Vi) such that P^ = P(VK). 
Consequently, we have 

H'iq, i{p*S'W}i-N^,))\,) ^ H\Pl, (S2rp2(-l))(-3)) ^ C^. 

□ 
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Step 3. In this step, we obtain good approximations of the sheaves in (|6.19p by 
considering the corresponding sheaves on i?^* of similar forms. See Lemma 16.3.91 
An advantage of is that its structure sheaf O a^t has a nice Koszul resolution as 

Recall that, in Subsection l5.31 we have identified — ^ s<j with the blow- 
up along 7r^l(^p) C ^3". The restriction of G2 = G(2,r(-1)) Xp(y) ^2 is 
denoted by (i.e., ■= ^"2 n J^2")- As noted there, is the total transform 
of ^ under the blow-up ^-d/^^i ^ along t^~^Jk.^p) C S^z while .^2 is the 
strict transform of JSj. 

By Proposition 15.2.31 and = P(/C^^5*), the variety i?^" is a complete inter- 
section in P(T(— 1)^) Xp(y-) with respect to a section of C'p(t(_i)2)(1) K1 /C^^S- 
Therefore .^2* = ^2 !S^2 is the complete intersection in G2 with respect to a 
section of (Op(T(-i)2) (1) /j^^ Q)|g2 . By (|TTT|) and Proposition BXTl it holds that 

(Cp(T(-l)2)(l) ^ /^a^jlca — C'g(2,T(-1))(^G(2,T(-1)) " -^G(2,T(-1)) ) ^ ^2 2- 

By the description of i^", the sheaf O has the following Koszul resolution as a 
C'G2-inodule: 

(6.21) ^ ^3 ^ ^2 ^ ^1 ^ Cg2 ^ Or^t 0, 

where we set 

A := Cg(2,t(-i))(-*^g(2,t(-i)) +iLG(2,T(-i))) K A>%2* for i = 0,1,2,3. 

Let TT^t : i?^* and p* : i?^* G(3, be the natural morphisms, and N 

the pull-back of iVG(2,T(-i))- Using the above Koszul resolution (|6.2ip . we show 
the isomorphisms (i)-(iii) below. We should note that these isomorphic sheaves 
provide us good approximations of the sheaves in (j6.19p . Indeed, for any sheaf B on 
i^", we have a natural map t^^^*(B\s^^ which is isomorphic 

outside Fp. Moreover, if 7r^t*(S|^,t) is locally free, then the map is injectivc. The 
isomorphisms (i)-(iii) below indicate that this is the case for each sheaf in ()6.19p . 

Lemma 6.3.9. (i) i^s^t^O 2et{N ^^t) ~ f>^^S{L,3r^), 

(ii) 7r^^,((p*)*W)^7f^;T(-l), and 

(iii) vr^,*.({(P*)*S2W}(-iV^.)) ^ p^^Qi^M.^, ~ Fp). 

Proof. We show (i)"(iii) with aid of Theorem l2. 1 . ll noting pr2 : G2 -> is a G(2, 4)- 
bundlc. Let P be a fiber of pr2. 

To see (i), we tensor (|6.2ip with 002(^02): which is the pull-back to G2 of 
Cp(n(i)2)(l)lG(2,T(-i)) by gH|). It is easy to see that i?'pr2,(OG2(^G2) ® A) = 
for • > 0, and R'pr2^{ON2iNG2) ® A) = for • > and z = 2,3 since 
{OG2iNG2) ® A)|r ^ Ot(-i + 1). Moreover, pr2, (©02(^^02) ® M) = /Qr2Q*(i%) 
and pr2*C'G2(A''G2) = "^oy^T {—l)^ . Therefore we obtain the short exact sequence 

^ /4Q*(L<%) -> ^}^T{-lf ^ 7r^^*,O^j(A^^^0 ^ 0, 

which coincides with the pull-back of the dual of the universal exact sequence (|4.3p 
twisted by Lgt^ by the proof of Lemma [5.2.21 Thus tt^* (N ^t) ~ p^^S{L'sr^) 
as desired. 

To see (ii), we tensor (|6.2ip with the pull back Wg2 on G2 of W. We see 
that i?*pr2^(WG2 ® A) = for • > and i = 1,2,3 by Theorem [2XT] since 
(Wg2 ® A)|r — 'Wr(— «), where Wr is the universal quotient bundle of rank 2 on 
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r ~ G(2,4). Moreover, W2*^G2 ^ T^iirT[-l). Therefore we have 7r^^t*((yO*)*W) ~ 
7ig^^T(-l) as desired. 

To see (iii), wc tensor (|63T|) with S^Wc^C-iVcJ. We see that 

i?'pr2,(S2WG2(-A^G2) ® A) = for • > and i = 0,1,3, 

R'W2*[^''^gA-Ng,)®A2) = for . ^ 2 

by Theorem [m] since (S^Wg^ (-iVca) ® A)|r ^ S2Wr(-i - 1). Moreover, by 
Theorem 12.1.11 again, 

i?2pr2,(S2WG,(-iVGj ® A2) ^ {AV4Q*}(i^J -P»AQ® dct S*)(L^J. 

By (|4.8p . we also have 

f^,{Q ® det Q*)(L^J ~ /4Q(-A/^, - Fp). 

Therefore we have 

7r^*,({(p*)*S2W}(-A^^J) ~ i?V2*(S'WG,(-A^Gj ® A) =^ A;,Q(-M^. - Fp) 
as desired. □ 

Step 4. Finahy, in this step, we determine the sheaves in (j6.19p and complete 
our construction of the locally free resolution of If ® {Ca^jl^^S^i) ^ ^ xi"^^ s:)} 
follows: 

(6.22) O^, K5*S2j®/4Q*(M^JHe)^(i^) ^ 

Our task is to show 

Proposition 6.3.10. It holds that 

(1) 7r^,*0,r.(iVirJ-/Q%5(i^J. 

(2) -K^AP*^) - T {cf. and 

(3) 7r^,4{p*S2W}(-iVs^J) ^/4Q(-A%J. 

Proof. As we note after the statement of Lcmma l6.3.91 we have a natural injection 
7%t^(S|^^t) ^ 7r2P2*(B|s'2) for any sheaf B as in (|6.19p which is isomorphic outside 
Fp. Let ?/ be a point of Fp and g the fiber oi ^2 ^ ^2 over y. Let [Vi] be the 
image of y on f {V). Wc write = P(PT/), where the plane in G(2,l//Fi) is 
spanned by the conic g, and W \s a three-dimensional subspace of t\{V/Vi). Since 
(7 is a /9-conic, there exists a 2-dimensional subspace V2 such that Vi C V2 and 
W = V/V2 ® V2/V1 =i V/V2. 

To see (1), we have only to show the injection 

is an isomorphism. This follows since both the fibers of S{Lr^2 ) ^-nd vr^2*C'ir2 {N^^ ) 
at y are isomorphic to iJ"(P^, C'p2(l)). 

We show (2). In the proof of Lemma 16.3.91 fii). we show that pr2*('''G9^(^l)) — 
7r^t^((p*)*W), where VTGa : G2 f{V) is the natural morphism. Note that is 
the pull-back of the universal quotient bundle on G(2,T(— 1)). 

We compute the map 

(6.23) pr2,(^4r(-l)) ® k{y) ~ 7r<^2,((/)*)*W) ® Hy) ^^,.(p*W) ® k{y). 
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Since W2* and Tri^^ are flat near y, prj J7i^,r(-1)) ® ~ H°{G{2,V/Vi),V/Vi® 
Og{2,v/Vi)) ^ V/Vi and7r^34p*W)(g)A:(y) ~ H°{q,p*W\q) by the Grauert theorem. 
By LemmaiXl the map V/Vi H°{q,p*W\q) factor through i/°(p2, Tp2 (-1)) ~ 
V/V2- Therefore the cokernel of the dual of the map (|6.23p is isomorphic to 
{V2/V1)*, which can be identified with the fiber of p^^Op(^T{-i)){^) at y. Hence 
it holds that {Trar2*{P*'^)}* C T* by ([O]). Since both the kernels of the maps 

® kiy) ({7r^^.((p*)*W)}*) ® k{y) 

and 

(r*) ® k{y) ^ {{7T^^.m*m*) ® Hy) 

are one-dimensional and the image of them coincide, actually we have {vr^a* (P*"^)}* 
T* as desired. 

Finally we show (3). Let := P(/4'51fJ and 3f2\^^, which are the 

restrictions of J^" and 2^2 over i^p. Note that J^" is the exceptional divisor of 
J2" — We consider the diagram: 




(6.24) 



Let W be the pull-back of W^u by jT;' -4 ^p". By the proof of Lemma EXfil 
we have 

(6.25) 7r^,4{p*S2W}(-7V^J)|^J i?i7r-„^(S2W - (-iV^. - ir2)|^J. 

It suffices to show that the r.h.s. is isomorphic to p^^ Q{~M^^ \Fp)- In Lcmma lB.S.llI 
below, we rewrite the r.h.s. by using the pull-back TZ jr„ to 3fp of TZ^'^ and divisors 
on Fp. Then, the calculation is reduced to that of R^tt^ {S^TZ^ (— 3det7^^ )), 

and, by applying the Bott theorem l2.1.1l to the projective bundle J^" = P(/:^^5* If^) — ^ 
Fp, the latter is isomorphic to 

p^^{S ® Act S\,^ ^) ^ p^^iQ® dct Q\<^^ ) (-4LfJ, 

where we use (|4.6p for the second isomorphism. Therefore, for the r.h.s. of (|6.25p . 
we finally arrive at Pp^Q{—Mriy^\Fp) by Lemma [6. 3. 11 1 □ 

Lemma 6.3.11. LetTZ— be the pull-back of TZ^^u . The r.h.s. of (|6.25p is isomor- 

-ip p 

phic to 

(6.26) i?l^-„^(S27^^„(-3det7^^J) Oppi-p^^ det Q^^+ALp^ - M^,\f^). 

Proof. First, we have 

S^W^. ~ S'^TZs^^ ® 74„Op(T(-i))(2) ~ S27^ir;'(v^|.„(det Q|^J - 2L^.), 

where the first isomorphism follows from Lemma l5 . 2.71 and the second isomorphism 
follows from ()4.7p . Then, taking the pull-back to 3fp, we obtain 



3.27) 



S'W^„ ^ S27^-„(7^|,„yC^^(det Q|^J - 2L^J 
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Second, by taking the determinants of (|5.4|) . we have 

(6.28) i?P(5-|.^j =det7es-;.+7r^„(det5|5^J = det7^^.+7r|.„(detQ|,^J-3Lir^., 

where the second equahty fonows from ()4.4p . Therefore, by Proposition 15.2.41 (1). 
we obtain 

Ar^„ I = det Tlf^. + 7rJ.„ (det Q| 5^ J - 2Lir^. , 
and then taking the puU-back to we arrive at 

(6.29) Ns^^.\ - = det7e^„ + -k* {p^ det Q|,^J - 2L - . 

By ((07| and ((09)) . we have 
(6-30) s2W-„(-7Vs',")|jr„ ^S27^^„(-det7^-J. 

Now we compute the class of the divisor = ^2]^^ of ifl". We see that 
^2 G \'^Hp(^p^ 5*) + L^^^K — "^"-^pI since 3f2 is the strict transform of by the 
blow-up 4 S3" ~ P(5*) and Sfs g |2iJp(5.) -t-isj" I by the proof of Proposition 
[0:11 By glHl), we have 

2Jfp(p^^s*)+ia-,"-vr|.„Fp = 2ifp(^.^5.)+2L^^.-7r|,J/^^ det S|^J+vr|^„(M<%|j^J. 
Therefore, by (|6.28p . we obtain 

(6.31) 3fp 6 |2det7^^„ + tt* (p^ det Q|^J - 4L^„ + 7rl-jA/%J;^J|. 

p -^p p ^p 

By ()6.30p and (|6.3ip . we finish the proof of the claim. □ 



6.4. A locally free resolution of the ideal sheaf I of A on ?^ x 

Set p^^ := ffy^ X id. We calculate the pushforward p^^^ of the exact sequence 

([0211 on the locus x £' to?F° x Jt, where we set ^V" := \ To do this, 
we split (|6.22|) as follows: 

(6.32) /45*(-L2yJ K ^ r* C ^ 

and 

^ C ^ Oj%K5*S2j®^^Q*(M^JKO^(L,^) ^ 

J2°®{02y,(M^)HO,^.(2L,gf)} ^ 0. 

Since p^^S* {~Loy^), T* and 2* (-^j^S^j ) a-rc the pull-backs of locally free sheaves 
5£, T*, and Q.*{M^) on the higher direct images of p^^S* {-Lrjy^) H and 
T* (7*3* vanish. Therefore the pushforward of (|6.32p is still exact and the higher 
direct images of C vanish. Then the pushforward of (|6.32p is also exact. Therefore 
we obtain the following exact sequence on x 

(6 34) ^^Sl^^.€^r*^9*J^O.,j,^g*S^y®Q*{M,^)mO,^{L^^) 

-^1° ®{0^{M^)M0^{2L^)] ^Q, 

where 1° := Pfy^J-l- 

We set := pl^^i^^- To show A is normal and Cohen-Macaulay in Subsection 
we prepare the following lemma: 
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Lemma 6.4.1. Let A° be the closed suhscheme of '3^° x defined byl°. Then 
Pa*C'a2° = Oa" and R^Pa*Oa2'' = 0. 

Proof By (|02|) and ([03| . we have R^fhy^^l2° = since T* and 

Q* ( ) are the pull-backs of locally free sheaves on '3/'. Taking the higher 
direct image of the exact sequence — > l2° — > ^'3f°y.x ~^ ^A, ^ 0' obtain 
the exact sequence — > J° — >■ 0^„^^- -> Pa*C'a2 ~^ *-* ^"^"^ R^Pa*^°A2 ^ since 
Ei^.Xz" = and i?%,,0<r^x^ = «■ Thus /5^,Oa.° = ©a- 

□ 

Let I := where we denote by tg;;^ the embedding "3^° x ^ M> x 

We set := ^ x ^ \ x Note that codimF^j; — 6 since the codimcnsion 
of Va in is 6. Let 

A := cokcr(52 M Og ^ f* H 5*^)l#ox^- 
Wc have the following exact sequences: 



(6.35) 
and 
(6.36) 



X° ® (M^) K 0^(2L^-)} ^ i?'i#o,A 



where we note that >'a^oS.^\oy -^g) = f for a locally free sheaf f on x ^ 
since codimF^^ > 2, and L^^^i^T ® {0^{M^^) Kl 0^(2L^)}|^„^^) = X® 
{O^(M^) Kl 0^(2L^)} by definition. For a sheaf f on x JT, it holds that 
■R''-#oJ^I#oxir) = ^'i^('S') for i > by [HI p.9, Corollary L9]. Moreover, if 
£ is locally free, then W^l{£) = for i + 1 < 4 by [H p.44, Theorem 3.8] since 
codimF^ = 6. Therefore, 

Then, by (|6.35p . it holds that R^i.w*A = 0. Consequently, the sequence (|6.2p in 
Theorem EXU is exact on ^ x ^ by (|05)) and 

6.5. A is normal and Cohen-Macaulay. 

Now we show that A is normal and is Cohen-Macaulay, which completes the 
proof of Theorem 16.1.11 

We see that Af is smooth by Proposition 16 . 2 .31 and Af — )• A2 is birational by 
Proposition 16 . 2 . 2l since A^ and A2 are birational to Af and A3 respectively. 

Recall that we set tta := t^s'2\/^ ^-^^ :— P^Ja2- Wc check the assertions 
separately on x ^ and ^„ x 

First we consider the problem on x ^ . For simplicity of notation, we do not 
use the symbols for the restrictions. We show that 

(6.37) R\p^ o 7rA)*OA^ = for i > 
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and 

(6.38) (/O^otta)*©^ ~ Oa. 

The latter shows that A is normal since 1^ is smooth, and the former show that 
A has only rational singularities, and then is Cohen-Macaulay. By using the Leray 
spectral sequence, (|6.37p and (|6.38p follow from similar statements for vta and p^, 
which are Lemmas 16.3.51 and 16.4.11 respectively. 

Second wc consider the problem on S^cj x . By the first part, we see that A 
is regular in codimcnsion one since the codimension of A H i^l^a x ,;?r) is greater 
than two. Therefore we have only to show that A is Cohen-Macaulay at any point 
of A n (^cr X ^). This follows from taking the local cohomology sequence of the 
locally free resolution (|6.2p since x is smooth and the length of the locally 
free part of (|6.2p is three. 

Remark. Since we have shown A is reduced, A is the closure of A°. 



7. The universal family of hyperplane sections 

Let 'Y d'lV X ^ be the pull-back of the universal family of hyperplane sections 
in P(S2y*) X P(S2y). We can consider ^to be both the family of the pull-backs 
of hyperplanes of parameterized by '3/ ^ and the family of the pull-backs of 
hyperplanes of M' parameterized by X . We simply say that 'Y is the family of 
hyperplane sections of ^ and X . Note that the fiber C of over a point 
X <^ X <Z X \s, the pull-back of the hyperplane section w^y n ^ of J^, where 
a; = as a point of S^P(y). 

In this section, we show two results on 'Y^ In Proposition 17.0 . Il we show that A 
is a closed subscheme of . This is technically important to show V^iX) ~ 
(see Lemma I9.0.6P , and should be theoretically essential to show that (suitable 
noncommutative resolutions of) and ^' are homologically projective dual to 
each other (cf. |KuH Def.6.1]). Moreover, in Proposition 17.0.11 we give a locally 
free resolution of the ideal sheaf of A in as an ^-module. It should be 
observed that the locally free sheaves in this resolution comprise the (dual) Lcfschctz 
collections in V^(&') and V^i^X) which are obtained in |HoTa3j . In Proposition 
17.0.21 we show that any hyperplane section of 'S^ corresponding to a point of X 
has only canonical singularities. This is also technically important to apply the 
Kawamata-Viehweg vanishing theorem in the proof of the derived equivalence (see 
the proof of Claim ESU). 

We begin with a preliminary discussion. The ideal sheaf X-j/ Y on ?^ x ^ 
is isomorphic to Oap{—M^) M O a^{—H f). Note that Y has a natural SL(y)- 
action. Therefore the injection 0^{-M^) Kl 0^-{-H^) O^^^ is SL(V^)- 
equivariant. We can apply the construction as in Subsection 16.11 to this map 
since Ylom{0^{-M^),0^)) ~ S'^V and Hom(0^(-ir<^), O,^) ~ S'^V* . Since 
the above injection is SL(y)-equivariant, and S^V ® S'^V* contains a unique one- 
dimensional representation, which is generated by the identity element, we sec that 
the above injection is induced from the identity element as in Subsection 16. II 
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Proposition 7.0.1. X contains T-y , equivalently, the subvariety A is contained 
in 'f . Set Ia/T '■= ^/^T , the ideal sheaf of A in y . Denote by Ly the closed 
immersion Y ^ '3^ x i%' . Then Ly^X^/y has the following locally free resolution 
on ¥x 3t : 

(7.1) M {g*S'-J/0^i~H^ + 2L^)} e Q*(M^) K O^iL^-) 

ir,lA/r®{0^iM^)^0g{2L^-)} ^ 0. 

where the inclusion Oag-{—Hi^ + 2L ag-) C g*S^S' is obtained from a part of the 
Euler sequence — >■ Op^gag^"*-)!— 1) — >• g*S^3^ — > -^p(S2?")/g(2 v')(~-'^) ~^ ^ ^^'^ ^ ~ 
P(S23^) hy tensonng 0^{2L^^). 

Proof. Wc have an SL(y)-cquivariant map 

which is induced from the dual of the natural surjection S^{g*'J) — > 0^{H^) = 
Op^gag^*) (!)• Therefore we have a SL(X^)-equivariant map 

o^i-M^)mo^i-H^-) ^ o^i-M^)ms''{g*r)®Q*mo^{-L^) -^I^ o^^^ 

By the uniqueness of such a map, its image coincides with Ty. Therefore ly C X. 
The proof of the latter assertion follows from the above discussion. □ 

Now we give a description of singularities of fibers oi Y Sf^ . 

Recall that f : ^ \s, the Hilbert-Chow morphism and Ej is the /-exceptional 
divisor as in Subsection 12.21 Let a; be a point of P(F) and e any point of Ej such 
/(e) ~ [2a;]. Then the fiber of — > over e is the pull-back of the hyperplane 
section of parameterizing singular quadrics which contain the point x by the 
duality between P(S^y) and P(S^F*). In particular, the fiber is independent of a 
choice of e once we fix a point a;, thus we denote it by V^- 

Proposition 7.0.2. Any fiber of ^ is normal and has only canonical sin- 
gularities. 

Proof. The proof is similar to the argument in Subsection 16.51 

It suffices to show the assertion for Vx {x E P(l^)) since it is a special fiber 
oi y X . Let Vf. is the strict transform of Vx on ^^2, which is also the total 
transform since Vx does not contains the center Gay of the birational morphism 
'3^2^'^- Hence Vj.* S I-Mgrj. We see that —Kyt is (^Jy^t)-ample since T^* € \May^\ 
and —Kay^ = lOMgc, is ^^-ample. Therefore it suffices to show similar assertions 
for 1/*. Let Wg, W3 and W2 be the pull-backs on G(2,r(-1)), iTg, and iTa, 
respectively, of the subvariety Wq := {11 | a; G 11} ~ G(2,4) in G{3,V). It is easy 
to see that V* is the image of W2 set-theoretically and W2 — > Vj: is birational (note 
that, once we fix a general quadric Q and a P^-family q of planes in Q, there is only 
one plane in q which contains x). We show that W2 is smooth, therefore W2 — >■ 
is a resolution of singularities. Indeed, W3 is smooth since Wq — G(2, 4), Wq — > Wq 
is a p2-bundle, and W3 ^ M^g is a 0(2, 5)-bundle by Proposition EHISl Then W2 
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is also smooth since W2 — > W3 is the blow-up along Tr^e^i^p) n W^, which is a 
P^-bundlc over Wg by Proposition 15 . 2 .61 and hence is smooth. 

Similarly to the proof of ProDOsition l6.3.11 we see that the ideal sheaf 2r^ of 
has the following Koszul resolution: 

(7.2) ^ /\^W* ^ W* ^ It, 0. 

First we check the assertions on For simplicity of notation, we abbreviate 
the symbols for the restrictions. Since Vj: is Gorenstein, we have only to show Vj: 
is normal and has only rational singularities. In the same way to show (|6.15p . we 
obtain 7r^^^p*W* = R^7r^^^,p*W* = 0. Therefore we have 

(7.3) TT^,*Iw, ^ i?Vir,,A'/0*W*, 

where is the ideal sheaf of W2 in . In the same way to show (|6.17p , we obtain 
by the Grothendieck-Verdier dualitv [2.1.2l 

Therefore 7ri^2*^W2 is nothing but the ideal sheaf lyj: of V* since is the image 
of W2 set-theoretically. In other words, Vj: is the scheme-theoretic pushforward of 
W2- We set TTw '^S'2\w2 '■ ^2 — > Vx- In the same way to show Lemma [6.4.11 we 
also have 

(7.4) R''ttw*Ow2 = for fc > and iTw*Ow2 - Oy*- 

Since W2 is smooth, the latter shows that is normal and the former shows that 
has only rational singularities. 

Second we show the assertions on the whole By the above argument on 
we see that V* is regular in codimcnsion one since the codimension of V* Cl S^a in 
is greater than two. Therefore is normal since is Gorenstein. To check 
Y^. has only canonical singularities, we have only to show that W2 — > is crepant 
since W2 is smooth. This follows by calculating the canonical divisor of W2 ■ Note 
that J\fw2/S-2 - P*'^*\w2 by ([7^ . Therefore det / iTa - iTs (-^iTs) I IV2 since 
detW ~ C'g(3,v)(1)- Thus we have 

Kw2 = \w2 + detA/Wa /iTa 

= {if^^ {K^2 + ) - }\w2+ Ns^2 1 W2 = {Ka>^^ + )\w2, 
where the second equality follows from Proposition 15. 3. T] 

□ 



8. The family of curves on Y parameterized by X revisited 

Let X and Y be smooth Galabi-Yau threefolds which are mutually orthogonal 
linear sections of ^ and '3^ respectively, as described in Subsection 12 .41 and Section 
|3l In this section, we show that a family of curves on Y parameterized by X comes 
out from A — > ^ and this family coincides with one constructed in Section |3l We 
prove also the family is flat. 
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8.1. Flatness of A — > J?^ and the locally free resolution of Ix. 

As applications of the descriptions of A in Section [6l we show that A ^ is 
flat, and obtain locally free resolutions of the ideal sheaves of its fibers. Flatness of 
A — > ^ will imply that of the family of curves on Y cut out from A in the next 
subsection. The locally free resolutions of its fibers will play an important role in 
the proof of the derived equivalence of X and Y (see Proposition 19.0.5]) . 

We denote by (—1) the tensor product of 0^{—Maj;)- 

Proposition 8.1.1. 1) The scheme A is flat over SC~ . 2) Let A^. he the fiber of 
A — )• ^ over a point x S ^ . Then the ideal sheaf of in '3/ is X®o^ ^. ; 

where "W^ — '3/^ is the fiber of '3^ x ^ ^ over x. Moreover, the exact sequence 
(|6.2p remains to be exact after restricting on ^ and gives the following locally free 
resolution ofXx '■ 

(8.1) ^ Sli-1) ^ f*(-l)®' ^ 0#(-l)®' © Q* ^ X. ^ 0. 

Proof. By Proposition 16.2.21 A — 5- is equi-dimensional (actually all fibers are 
isomorphic). Therefore A is flat over ^ since A is Cohen-Macaulay and ^ is 
smooth. 

Tensoring the exact sequence X — > ^•s/y.x ^ ^ ^ k{x), we 

obtain the exact sequence X (g) k{x) — > Oa^ Oa^ 0. Then, applying [Ml 
Theorem 22.5 (1)=^'(2)], we see that I® k{x) — >■ Oap^ is injective since A is flat 
over Note that, for any coherent O^;^ ^-module A and a point x £ it 
holds that ■^'^o^j^^^ ~ -A^Og; k{x) since ~ € ^'^st k{x). Therefore 
Xx-X®k{x) c^X^o^l^ ■ 

Proof of the exactness of (|8.ip is similar. □ 



8.2. Cutting a family of curves X from A. 

As we noted in Subsection 12.41 we may consider X <Z £ and Y is disjoint from 
Goy = Sing 3^. Since — is isomorphism outside Ggr, we may consider Y d 'W . 
Note that the subvariety y x AT of x ^ is contained in 'f since X and Y are 
mutually orthogonal. Now we set 

^ ~ A|xxy- 

Let / be the ideal sheaf of in F x X and the ideal sheaf of in Y^, where 
~ y is the fiber of F x X ^ AT over x. 

Proposition 8.2.1. The schemed is flat over X and its fiber over x £ X coincides 
with Cx defined in Subsection 13.11 Moreover, it holds that I ~ X^i-f/ (E)or ^YxX 
and Ix ~ ^A^/r^ ®o„5, Oy^ ■ 

Proof. Recall that vr^ : ^ ^ '3^ as in Subsection 12 .31 coincides outside Go/ with the 
universal family of conies vr^'o : i?b — > % and parameterizes smooth r- and p-conics 
(see Subsection 15. ip . Let Z := Tf^^{Y). 

Now we identify the generically conic bundles ^ ^ W and '3^ (see the end 

of Subsection 15. Sp near Y since the latter also coincides with the universal family 
of conies ^ — >■ ^ near Y . 
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Recall the commutative diagram (|5.5p . Let C iF be the image of Af on 
X Let be the fiber of — > ^ over x 6 X. Then we may identify 7^ as 
in Subsection 13.11 and Af fl Z since as in loc.cit. is the fiber of Aq — > G(2, 
over [Za;]. By the commutativity of the diagram (|5.5p . we see that A C x ^ 
coincides with the image of A^ outside x Therefore, C^;, which is the image 
on Y of coincides with A^, nF , which is the fiber oi^^ ^ X. Hereafter we denote 
by the fiber oi^ X over x 6 X. 

Recall that the fiber 7^ of — <f?^ over x contains A^^ by Proposition lT.O.ll Since 
contains also F, we see that Y is the complete intersection in 1^ of 9 members 
Ml, . . . , Mg of \M^\r^\. Therefore Cx is cut out from A^^ in by Mi, . . . , Mg. 
By [Ml Corollary to Theorem 23.3], A^. is Cohen-Macaulay for any a; G ^ since 
A is Cohen-Macaulay by Theorem 16.1.11 and is flat over ^ by Proposition 18.1.11 
Since Cx is one-dimensional for any x £ X, the divisors Mi, . . . , Afg form a regular 
sequence [Ml Theorem 17.4 iii)]. Note that A|^^^ — ?> X is flat by Proposition 
ELI] and its ideal sheaf \^Z®0^^^ by [Ml Theorem 22.5 (2)=^(1)]. Therefore, 
by [Ml Corollary to Theorem 22.5 (2)=>(1)], ^ is flat over X and is cut out in y 
from Aj^;:^^ by a regular sequence. The latter implies that Ia/^ ^'^^s/y^s: ^^x^ 
is the ideal sheaf of in X x Y . Similarly, we have Ix = ^^sy since 

the scheme Cx is cut out in 'fx from A^; by a regular sequence. □ 



9. Derived equivalence 

In this section, we derive the main result of this article: 

Theorem 9.0.2. Let X and Y be smooth C'alabi-Yau threefolds which are mutually 
orthogonal linear sections of S'J and 'W respectively. Let I be the ideal sheaf as in 
Proposition I8.2.1[ Then the Fourier-Mukai functor $/ with I as its kernel is an 
equivalence between T)^ {X) andTy^iY). 

Since the cohomology groups related to the locally free resolution of I have been 
computed in |HoTa3[ Thm.8.1.1], the rest of our proof of the derived equivalence 
between X and Y proceeds in the same way as that of |BC| . 

Wc show that the functor <!>/ : V^{X) — )• V^iY) is an equivalence by verifying 
the conditions (i) and (ii) of Theorem 12.1.31 The condition (i) may be verified 
by the following general lemma [BCl Proposition 4.5]. We include the proof for 
completeness. 

Lemma 9.0.3. Let Y be a smooth projective threefold and L an ideal sheaf of Oy 
such that the closed subscheme C defined by I is of {not necessarily pure) dimension 
less than or equal to one. Then Hom(/, /) ~ C. 

Proof. Taking Hom(/, — ) of the exact sequence 

(9.1) ^ / ^ Oy ^ Oc 0, 

we obtain an injection Hom(/, /) — > Hom(/, Oy). Wc have only to show Hom(/, Oy) ~ 
C since Hom(/,/) contains at least constant maps. To compute Hom(/, Oy), we 
take Hom(— , Oy ) of (|9.ip . Then we obtain the exact sequence — 5- Hom(Oy , Oy) — !• 
Hom(/, Oy) ^ Ext^(Oc,Oy). By the Serre duality, we have Ext^(Oc,Oy) ~ 



40 



Double quintic symmctroids, Rcyc congruences, and their derived equivalence 



H^{Y,Oc <E) ujy), where the r.h.s. is smce dnTiC < 1. Therefore we have 
Honi(/, Oy) Hom(C'y, Oy) ~ C. □ 

In what follows, we show the property (ii) of Theorem 12 .l.Bi i.e., the vanishing: 

(9.2) Ext*(/j^j, Ix^) = for any two distinct points xi and X2 of X. 

We denote by (— t) the tensor product of C'^(— tAf^). Then the result (3) of 
jHoTa3| Thm.8.1.1] may be read as: 

Theorem 9.0.4. H*{A* ® B{-t)) = (1 < t < 9), where A and B, respectively, 
are one of the sheaves S^, T* , O^, Q*{Ma^). 

It is standard to derive the following proposition from Proposition 18.1.11 and The- 
orem [9i031 

Proposition 9.0.5. For any two points xi and X2 of , it holds 
Exf(X,,,X,,(-t))=0(l<t<9). 

We derive the vanishing (|9.2p from Proposition 19.0.51 following |BC1 Subsection 
5.6]. For the derivation, it is important to a choose suitable sequence of the complete 
intersections of the members of |M^| containing Y. 

Lemma 9.0.6. There exists a tower of complete intersections of by members of 

Yo C Yi C • ■ • C Yg C Fio (dimr, = 3 + i) 
satisfying the following conditions, where we set Ax^-j A^^lvj and denote bylxi-.j 
the ideal sheaf of Ax^-j in Yj and by ty^ the embedding Yj ^ Y,+i : 

(1) Yo=Y and Fio = ^T. 

(2) Yg = "fxi , where is the fiber of Y ^ ^ over xi {cf. Section^. In particu- 
lar, Yg contains Ax I ( Proposition YI . and hence iYgi,Tx 1,9 =1-xi/Oaf(—Yg) ~ 
Ij;j/C'^(— 1). The ideal sheaf 1x2-9 is equal to 1x2 ® ^Yg — i-Yo-^x2- 

(3) Yg = Yx-^ rrX^^, where the intersection is taken in ^ . In particular, Yg contains 
Ax2\yc,, and hence lys*Tx2;S. = Ix2;9 1 OyX-Ys) ~ 1x2-9 / OyX^I) ■ The ideal 
sheaf Ixy,% is equal to 1x^,9 ® Oys — Ly 1x^,9- 

(4) For any j < 7, the ideal sheaf Ix^-j is equal to Xx^-j+i ® Cy^ — iy^X^^y+i. 

Proof. We take Yg = "fxi and Yg ~ "f^xi H as in the statement and let Y7, . . . , Yg 
be general complete intersections containing Y (recall that Y is contained in any 
fiber of 1^ — )■ <^ over a point of X). Note that Yxi is irreducible by Proposition 
[7:0:21 and yx^ ^ yx2 by the duality of f{S^V) and f{S'^V*) since xi ^ X2 and we 
may consider X is embedded in ,;?r C P(S^y). 

The descriptions of X^^^g, Ixi-,s, and Ixi-,j (* = 1,2, < j < 7) follow from the 
last part of the proof of Proposition 18. 2.11 □ 



The choices of Yg and Yg in the lemma turns out to be crucial in Steps 1 and 2 
of the arguments below. 
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step 1 (from ^ to Fg). 

In this step, we show 

(9.3) Ext^7\l,,;9,I,,;9(-t + 1)) = (1 < i < 9). 
By Z:r2;9 - i^Y,j'^x2, we have 

(9.4) Ext^;i(X,,;9,I,,;9(-t + l)) ~Ext^;i(Z,,;9,4X,,(-t + l)) 

By applying the Grothendieck-Verdier duaUtv [2.1.2l to the embedding ty-g : Yg ^ 
we have 

Exty^ ^(Xa;i;9, t-Yg^x^ii-t + 1)) — Exty^ (iyg*Ia;i;9 , Ia;2 (-t)) . 

Therefore we have 

(9.5) ExtyJ^\Z^i;9,Z^2;9(-t + 1)) ~ Extyg(iyg*Z^^;9,Z^2(-t)). 
Taking Honi(— , X^i (^0) the exact sequence 

0,j(-l) ^ Ixi '.Y9*2::ri;9 ^ 

(cf. Lemma [9.0.61 (2)). we obtain the exact sequence 

(9.6) H*^i(I,,((-f + l)) ^Ext^^(iyg,X,,.9,I,,(-t)) ^Ext^(Z,,,I,,(-t)), 
where the last term vanishes from Proposition 19.0.51 

Claim 9.0.7. H'-'^{I^^{{-t + 1)) = Q. 

Proof. The assertion follows from Proposition 18 . 1 . l1 and Theorem 19.0.41 
Therefore we have ([Q]) from and 

Step 2 (from Yg to Yg)- 

In this step, we show 

(9.7) Ext^;i(X,,;8,X,,;8(-t + 1)) = (1 < < < 9). 
Since Xxy,s, ~ iy^Inig, we have 

(9.8) ^^-^ 

~ Exty^ (I^j;9, iyg*Z2;2;8(— i + 1)). 

From (|9.8p and Hom(Ii,j;9(t — 1), — ) of the exact sequence 

-> Oy9(-l) ^ Xx2;9 ^ iy8*2:x2;8 
(cf. Lemma r9.0.6l (3)) we obtain the exact sequence 

Ext^;l(I,,;g,X,,;g(-i + 1)) ^ Ext^;\X,,;8,Xa.2;8(-t+ 1)) 

^Ext^o(^-i;9''^i'a(-^))' 

where the first term vanishes from (j9.3p . 
Claim 9.0.8. Ext^^ (I,,;9, (-0) = «• 



42 



Double quintic symmctroids, Rcyc congruences, and their derived equivalence 



Proof. Set Fvg := F^^Wg- By the Serre-Grothendieck duality, it holds 

(9.10) Ext^^(X,,;9,C)y,(-t)) ~ H^^-'{Ys,I^,,g{{t-9)MYg+2FYg)y 
since Ky,, = — OMy-g + SFy-g . We show that 

(9.11) H'^-'{YQ,I,,.Qiit - 9)A/y, + 2FyJ) ~ H^^~' {¥,IxA{t ~ 9)M^ + 2F^)). 

Since A2;i;9 = A^^^ , we have the following two exact sequences on '3^ and Yg respec- 
tively: 

^ I,,((t - 9)A/^ + 2J^^) ^ 0^((t - 9)A/^ + 2F^) 

^OA^,iit~9)M^ + 2F^)^0, 

and 

^ ^ I,,;9((< - 9)A./y, + 2Fy,) ^ Oy, ((t - 9)My, + 2i^yJ 

^OA.^((i-9)A% + 2f^^)->0. 

Since {t - 9)M^ + 2F^ = (t + 1)M^ + A'^ and {t + 1)M^ is net and big, the 
cohomology groups H'^'^-'iiF,0„j^iit - 9)M^ +2F^)) vanish for 12 - • > by the 
Kawamata-Viewheg vanishing theorem. Moreover, it holds that H^{?V ,0^{{t — 
9)M^ + 2F^)) ~ Oi!r{{t - 9)Moj/))^ and the latter vanishes if i < 8, and is 

isomorphic to C if t = 9. If t = 9, then H^{§',0„y{2F„^)) ~ H°{A^,,Oa^A2F„^)) 
and hence H'^{?V ,Ixi{2F^)) = by (|9.12p . In the remaining cases, we have 

H^^-'{¥,I^,{{t - 9)A% + 2F^)) ~ i/"-(A,,,OA.^((t - 9)Af^ + 2F^)) by 
(|9.12p . Similarly, by (j9.13p and the Kawamata-Viewheg vanishing theorem, we 
have iJ°(F9,Xi-j;9(2Fyg)) = 0, and in the remaining cases, H^'^~'{Yg,Xxi:9{{t — 
9)My, + 2FyJ) ~ i7"-(A,,, Oa.^ ((* - 9)A% + 2F^))., where we need ^ 
has only canonical singularities (see Proposition 17.0.2]) . 
Therefore we have the isomorphism (|9.1ip . 

Now we have only to show the vanishings of H^'^~*{'3^ .X^^ {{t — 9)M^ + 2F^)) 
by (|9.10p and (|9.1ip . These follow from the vanishings of 

H^^-{¥,Sl{{t - 10)A./„^ + 2J^^)), H^^-'(¥,f*{{t. ~ 10)M^ + 2F^j), 

H'^-'{§^,0^, {{t - m)M^ + 2F^)), H'^-'{§^, Q*{{t - 9)A% + 2F^)) 

by (|8.ip . Those cohomology groups are Serre-dual to 

H*+\§',0^{^t)), i/*+i(^,Q(-i-l)), 

which vanish by Thcorem igHil Therefore, by ^J^, we have Exty^ (X^^ ;9, Oy^ (-t)) = 
0. ■ ' ' □ 

Now (iJl) follows from (lOl). 



Step 3 (from Yg to Y7). 

In this step, we show 



(9.14) 



Ext^;i(I,,;7,X..,;7(-t + 1)) = (1 < f < 8). 
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Since laji:? — t-y-^xi-.a, we have 

Ext^;i(Z,,;7,X.,;7(-i + l))-Ext^7i(4^I,,;8,I.,:7(-i+l)) 

(9.15) 

~ Exty^ (2^1:87 LYr*Ix2-ji~t + !))• 

Note that a defining equation of Y7 restricts to a regular element in each local ring 
of Ax2;8- Hence the sequence 

(9.16) ^ X.,;8(-l) ^ I.2;8 -> tY„I.2;7 ^ 

is exact. Therefore, by (|9.15p . and Hom(Irj;8(t — 1),—) of (|9.16p . we have the 
following exact sequence: 

Ext'y-\lx,.,S,IxrA-t + 1)) ^ Ext'rl(l,,.7,X.,;7(-t + 1)) 

— !> Extyg(l2;j;8,2^2;2;8(-i)), 

where Exty^^(Ixi;8,Ix2;8(-i + 1)) and ExtY^{Ixi-8,Ix2;8{-t)) vanish by dUT]) if 
1 < t < 8, and then we have (|9.14l) . 



Step 4 (from to Yg, • • • , to Y). 

In this step, we finish the proof of (|9.2p . Since a defining equation of Yi restricts 
to a regular element in each local ring of both Ax^-i+i and Ax2-i+i, we can show 
inductively the following vanishing for any i e [0, 6] in a similar way to the argument 
of Step 3: 

(9.18) Ext^Y-\Ixu^,Ix2■A~t + 1 ) ) = (1 < t < i + 1 ) . 

In particular, we have Ext'r^{Ixi, IX2) ~ 0, which is (|9.2p . □ 



10. Further discussion 

In our proof of the derived equivalence, we have used (the ideal sheaf of) a 
family of curves {Cx}x£X which arises from the restriction C = A\xxy- Obviously, 
the other choice of a family {Cy}y^Y should be possible for that purpose. In this 
section, we obtain a flat family of curves on X from A for the latter choice, and 
remark, however, that a technical problem prevent us to complete a proof by using 
this family. 

We also make a comment on non-invariances of the fundamental groups and the 
Braucr groups under the derived equivalence. 



10.1. A family of curves on X. 

For a point y £ ^ , we denote by Qy the quadric in corresponding to the 
image of y on M'. We also denote by Aj, the fiber of A over y, which is a 

closed subscheme of _ 

Let be the open subset of '3^ consisting of points y such that rank Qy = 3 or 
4. For a point y G let qy C G(3, V) be the conic corresponding to y {qy is one 
of the connected components of the families of planes in Qy). We describe Ay for 
y e V^. 
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Proposition 10.1.1. Aj^ is the restriction of £ = f{S'^T) G{2,V) over the 
subset 

Gy {I \ l is contained in a plane belonging to Qy} C G(2, V). 

IfiankQy =4, thenGy is isomorphic P(Opi (-l)®^®Opi (-2)) and Og(2,v)(1)|g„ 
is the tautological divisor. //rankQy = 3, then Gy is isomorphic to the image of 
F{Opi ©C'pi(— 2)®^) by the tautological linear system and Og(2,v)(1)|g„ *s 
In particular, Ay is smooth ifrankQy = 4. 

Proof. The first part easily follows from the definition of A. 

We describe Gy. By definition, Gy is nothing but the restriction of Aq G(3, V) 
over Qy. Since Aq = F(2, 3, V), we have Aq = P(1I) as a P^-bundle over G(3, V). We 
denote by pi the projection Aq — G(3, V) and by p2 the projection Aq — > G(2, V). 
We show 

(10.1) -P20G(2,y)(l) ®ptOG(3,y)(-l). 

Indeed, by U ~ A^U* ® C>g(3,v)(1), we have P(l[) ~ P{A^U*) and Op^ii^{l) ~ 
C'p^^2U*)(l) ® PiCg(3,v)(~1)- Moreover, by the universal exact sequence — !> 
It* ^ y (8) C'G(3,y) ^ W ^ 0, we obtain the injection A^U* A^V OG(3,y)- 
Therefore, Cp(^2'U*)(l) = P2CG(2,y) (1), which implies (fTOT|) . Note that (fT03|) is 
equivalent to Cp('U(-i))(l) - P2CG(2,y) (!)• 

Bv the discussion in the beginning of jHoTa31 Subsect.5.3]. Ui-l)\q^ ~ Opi{-l)®^® 
Opi{-2) ifrankQy = 4, and U{-l)\q^ ~ Opi ©C'pi(-2)®2 ifrankQy = 3. There- 
fore, Gy is as in the statement. □ 

Similarly to the proof of Proposition 18 . 1 .Tl we can prove the following: 

Proposition 10.1.2. The scheme A is flat over V^. The ideal sheaf ly of Ay in 

3t isl® O^^ for y G V^, where £y ^ 3t is the fiber of ¥ x £ ^ ¥ over y. 

Moreover, the exact sequence (j6.2p remains to be exact after restricting on Styy and 
gives the following locally free resolution of ly : 

^.g*OG(2,v)(-2)®^ g*m-2))®^ 
g*S'r®g*Ooi2,v)i-lf'^Iy^0. 

Proof. By Proposition I10.1."l] A ^ is equidimensional over Vap. Therefore all 
the assertions can be proved in the same way of the proof of Proposition 18.1.11 □ 

The following computation is standard: 

Lemma 10.1.3. ciiS^J) = ci(OG(2.y)(3)), c^iS^S') = 2ci(OG(2.y) (1))^ + 4c2(9^), 
and C3(S2J) = 4ci(0G(2,V)(l))c2(:f). 

Now we can derive the following: 

Proposition 10.1.4. The scheme defined as in Subsection 18.21 is fiat over Y. 
Let Gy be the fiber of^ over a point y E Y . Then Gy is a curve of arithmetic genus 
14 and degree 20. Moreover, if X and Y are general, then a general Gy is smooth. 
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Proof. Note that Y C V^. Take a point y ^ Y. We only consider the case of 
rankQj^ = 4 since the other case can be studied similarly. 

First we show that degA^ = 20 with respect to H^- = Hp^^.2j*y The de- 
gree of Ay is evaluated by the Segre class of S^S' as S3{S'^J)Gy. By the for- 
mula S3(S2 J) csiS'^J) - 2ci(S2 J)c2(S2 J) + ci(S2y)3 and Lemma[inXl we have 
degAy = (15ci(OG(2,y)(l))' - 20ci(OG(2,v)(l))c2(?))Gy. By Proposition [mil 
we have degGy = ci(OG(2,y)(l))^Gy = 4. Note that C2{3') = [G(2, V4)] as codi- 
mension 2 cycle with some 4-dimensional space V4 C V. Then we see that C2{3^)Gy 
is represented by a conic, which parameterizes a P^-family of rulings in the smooth 
quadric surface Qy nP(y4). Therefore we have ci{OQ(^2,v)i^))c2{3^)Gy = 2. Conse- 
quently, we have degA^ = 20. 

We show that Cy is a curve. Similarly to the proof of Proposition 18.2.11 Cy is a 
complete intersection in Aj, by 4 members of \H£-\. Therefore dimGy > 1. Assume 
that dim Cy ~ 2. Then dcg Cy < 20 since deg Aj, = 20. This is, however, impossible 
since H£-\x generates PicX modulo torsion and {Haf;\x)^ = 35. Therefore Cy is 
a curve, and then is flat over Y as in the proof of Proposition 18 . 2 . Il 

Now we compute the canonical divisor of Cy. Since Aj, — Gy is a projective 
bundle, we have = -3ff^|A^ + (5|a„)*(ci(S^ J)|g„ + Kcy)- Since we have 
seen that Gy is a complete intersection in Aj, by 4 members of \Ha^\, we have 
Kcy - H^.\cy + (5|aJ*(ci(S2J)|g, + /^gJ|c„. Therefore degi^c„ = H^^Ay + 
-H"^(<7|aJ*(ci(S2J)|g„ +/fGj. Wc have already computed H^^Ay = 20. By using 
the Segre class of S^3^, we have 

H% (g| A J* (ci (5^ J) |g„ + Kcy ) = ^2 (S^ J) |g„ (ci (S^ J) |g„ + J- 

By Lemma [mH wc have sslS^^F) = ci(S2j)2 - €3(52 J) = 7ci(OG(2,y)(l))^ - 
4c2(J). By Proposition [inXH we have OG„(i^Gj - CG(2,y)(-3)|G„ ®>C'pi(2), 
where p is the natural morphism p: Gy = P(Opi(-l)®2 © Opi(-2)) qy ~ 
Thus ci{S^J)\Gy + Kcy =p*Opi{2). Hence 

i?i.(5|Aj*(ci(S2?-)|G, +i^Gj = (7ci(Og(2,v)(1))'-4c2(J))|g„P*Opi(2). 
Recall that C2(5')|g is represented as a conic on G{2,V), which is a section of 
p: Gy ^ qy. Therefore (7ci(OG(2,y)(l))' - 4c2(J))|g„P*Opi (2) = 6. Consequently, 
we have degKcy = 26, equivalently, Pa{Cy) = 14. 

Let y be a point of such that rankQ^ = 4. Take a general 4-plane P in 
P(S^y*) containing [Q^] and define X and F as before. Note that y e Y. Write 
P = {Qy, Qi, ■ ■ ■ , Q^)- Let Hi be the member of \H£\ corresponding to Qi. Note 
that Ay cfyhy Proposition 17.0. II Since P is general. Hi are general members of 
\Ha^\. Therefore, Cy is smooth since so is Ay and Gy is a complete intersection in 
Ayhy Hi,...,Hi. □ 

One might consider that we can show the derived equivalence by the Fourier- 
Mukai functor with the ideal sheaves of the family {Gy}j,gy. Actually, computa- 
tions of Ext groups among the sheaves appearing in the resolution (|10.2p are easier 
than Theorem 19.0.41 fsee |HoTa3[ Thm.3.4.4]). However, one technical problem is 
involved as follows: When we follow the argument of Section [51 it is crucial to 
have the property that, for any distinct two points j/i and y2 of Y , the hyperplane 
sections i^y^ and Yy^ of X arc different (cf. Lemma FO.O.Sp . This, however, does not 
hold for yi and y2 such that their images on H coincides. This forced us to choice 
{Gx}x&x in our proof. 
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Remark. It should be interesting to find the curves Cy {y G Y) of genus 14 and 
degree 20 in the table of the BPS numbers of X [HoTaH Table 2]. In fact, we read 
from the table the counting number of the curves of genus 14 and degree 20 as 

n^(20) = 500. 

In a similar way to the BPS number {^) = 100 discussed in Introduction, we 
may arrange this number as nf4(20) = (-l)'^™^e(y) x 10. This time, however, 
it is not clear whether the factor 10 has a nice interpretation from the geometry 
of X. Nevertheless, we expect that the number n;^(20) = 500 is 'counting' the 
Eulcr numbers of the parameter spaces of generically smooth family of curves on 
X by general properties of the BPS numbers [GV| . since we were able to verify 
n^(21) = after heavy calculations using mirror symmetry. 

Remark. In the Grassmann-Pfaffian case due to [BC[ IKu2] . the constructions of 
curves {Cx\x£X and {Cy\y^Y are more straightforward. Assume X is a smooth 
linear section Calabi-Yau threefold of G(2, 7), which is embedded in P(A^C^), and 
Y is the corresponding (smooth) orthogonal linear section Calabi-Yau threcfolds 

of Pf(7) in P(a2(C*)^). Let us write by [^^] = ~ the line corre- 

sponding to a point x G G(2, 7), and by [rjy] a skew symmetric matrix rank?7y < 4 
corresponding to j/ G Pf(7). Then the incidence relation used in |BC1 IKu2j is 
A = {([^^], [?7y])| dim(^^ n Ker(7?y)) > 1}. In this case, the fiber of A ^ Pf(7) 
over y is given by a Schubert cycle CT3 in G(2, 7) of codimension 3 if rank(77j,) = 4, 
and simplifies the proof of the derived equivalence using the family of curves 
{Cy}y(zY = {A n (X X {y})}yfzY- As dlscusscd in Introduction, Cy is generically a 
smooth curve on X of genus 6 and degree 14. The fiber A^^ of the other fibration 
A — >■ G(2, 7) is easy to be described. It turns out that 

A. = {(K.],[%])|(r;,ei'))A(,7.Ci'')-0}. 

When X and Y arc generic and smooth, we verified by Macaulay2 that Cx ~ 
A n {{x} X F) (x G X) is generically a smooth curve on Y of genus 11 and degree 
14. The corresponding BPS number is, unfortunately, outside of the tables available 
in literatures (see |HoTaH Section 4]). 

10.2. The fundamental groups and the Brauer groups of X and Y. 

Finally, it should be worth while discussing about non-invariance of the funda- 
mental groups and the Brauer groups by the derived equivalence between a Reye 
congruence X and the double symmetroid Y orthogonal to X. 

As for the fundamental groups, we have 7Ti{X) ~ Z2 by |HoTa3| Prop.3.5.3], 
and TTi{Y) ~ by [ibid. Prop. 4. 3. 4]. To our best knowledge, this seems to be the 
second example of pairs of derived equivalent Calabi-Yau threefolds with different 
fundamental groups (sec [S]). 

As for the Brauer groups, we follow the argument of [S]: By |BKj . the Atiyah- 
Hirzebruch spectral sequence gives a short exact sequence for any Calabi-Yau three- 
fold E: 

(10.3) ^ Hi(S,Z) ^ iCi,p(S)tors ^ Br(I]) ^ 0, 

where KtopCS) = K^^p{'E,) © X^Qp(E) is the topological -group and the subscript 
'tors' means the torsion part. As we mentioned above, we have Hi {X, Z) ~ tti (X) ~ 
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Z2 and Hi(Y, Z) ^ 0. By [HI §2.2], K^^piX) ~ K^^piY) since X and F are derived 
equivalent. Therefore, by (|10.3p . we have the following relation between the Brauer 
groups of X and Y: 

(10.4) Z2 ^ Br(r) ^ Br(X) ^ 0. 

We have shown Br (K) contains a nonzero 2-torsion element in Proposition 13 . 2 .T] 
If Br (Y) ~ Z2, we will have Br (X) ~ by (|10.4p . which indicates that the Brauer 
groups are not invariant under the derived equivalence. 
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